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Abstract

This paper provides a unified framework to study the equilibrium consumption allocations
in stochastic exchange economies where consumers’ preferences belong to a general class of
recursive preferences, encompassing expected-utility and several common non-expected utility
preferences. We provide a characterization of the long-run consumption dynamics when markets
are complete and apply it to study the robustness of the market selection hypothesis that market
favors consumers with more accurate beliefs. In sharp contrast to the results for the class of
expected utility studied by Sandroni (2000) and Blume and Easley (2006), we show that the
survival of heterogeneous consumers is the robust long-run outcome in our general framework.
In particular, a consumer with incorrect beliefs can survive regardless of other consumers’
preferences and beliefs. Our results imply there is an inherent tension between two broadly
held tenets in economics and finance, that markets allocate resources efficiently and prices

eventually reflect correct beliefs.
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1 Introduction

The market selection hypothesis (henceforth, MSH) in financial markets postulates that agents
who do not make correct predictions are driven out of the market, in the sense that they lose their
wealth at the hand of those that make more correct predictions. The MSH has a long-tradition
in economics: it was first put forward by authors like Alchian (1950) and Friedman (1953) and
later applied to financial markets by Cootner (1964) and Fama (1965). This hypothesis is very
influential and is often invoked to justify the adoption of rational expectations equilibrium as a
solution concept because it implies that prices in financial markets ultimately depend only on the
beliefs of those agents who make correct forecasts.

Sandroni (2000) and Blume and Easley (2006) study formally the market selection hypothesis
in a general equilibrium framework.! They find the MSH holds in a complete market with
bounded endowment when consumers have subjective expected utility (SEU hereafter) preferences.
Specifically, they show that among consumers with the same discount rate, survival depends only
on the accuracy of beliefs. There has already been some progress on relaxing the SEU assumption.
Condie (2008) consider the cases of max-min preferences and shows that only consumers with SEU
and correct beliefs survive.? Guerdjikova and Sciubba (2015) show that consumers with smooth
ambiguity aversion preferences and correct beliefs can drive SEU maximizers out of the market.
Dindo (2019) and Borovicka (2020) show that consumers with homothetic Epstein-Zin preferences
and incorrect beliefs can survive in the presence of consumers with correct beliefs. These findings
suggest there might be a tension between two broadly held tenets in economics and finance: (a)
markets allocate resources efficiently and (b) equilibrium allocations can be described as a rational
expectations equilibrium. However, these recent papers do not provide a definite answer as they
only consider a particular set of preferences and the MSH could be restored once one allows for
other preferences.

In this paper, we provide a unified framework to study the MSH when consumers’ preferences
belong to a general class of recursive preferences, nesting both expected-utility and many common
non-expected utility preferences as special cases. More formally, we allow consumers’ preferences

to take the following recursive form
Vi=F(ct,; Rt (Vir1)),

where F' is the time aggregator describing the attitude toward temporal resolution of uncertainty,
and R is the certainty equivalent aggregator describing the attitude toward the uncertainty in
continuation values. By appropriately choosing F' and R, our framework can nest almost all
preferences studied in the MSH literature, and many other interesting deviations from SEU that

haven’t been explored before. Our general analysis shows the MSH is not robust both globally

!Blume and Easley (1992) were the first to study the MSH in a market clearing model but they do not allow for
intertemporal optimization.

?Da Silva (2011) and Easley and Yang (2015) consider the cases of variational and loss aversion preferences,
respectively, but also fail to identify a persistent impact on market outcomes.



and locally in a sense that will be made precise later. Furthermore, we show that the robust
long-run outcome with general preferences is the existence of multiple survivors. Specifically, it is
a universal phenomenon that consumers with incorrect beliefs can still survive in the presence of
correct consumers within the general preference space. Therefore, our paper makes evident there
is actually an inherent tension between the two aforementioned tenets in economics and finance.

In what follows, we describe our approach and results in greater detail. We consider an infinite-
horizon exchange economy similar to Sandroni (2000) and Blume and Easley (2006) extended
to allow for general recursive preferences. We begin our analysis by showing the existence of a
competitive equilibrium in Theorem 1, which is based on the existence theorem due to Bewley
(1969) that requires preferences to be strongly monotone, weakly convex and continuous in the
Mackey topology. We assume monotonicity and concavity of the aggregators to argue that the
generated recursive preferences are strongly monotone and weakly convex, and we adapt the
arguments in Marinacci and Montrucchio (2010) to prove the desired continuity property.

Afterwards we present the first main result of this paper, which is the characterization of
the long-run consumption dynamics. As in Sandroni (2000) and Blume and Easley (2006), we
study the evolution of consumption by studying the dynamics of the ratio of marginal utilities of
consumption stemming from the first-order condition of the consumer’s problem. We show that in
any competitive equilibrium, the growth rate of any two consumers’ marginal utility ratio at date
t depends on the ratio of two terms: (i) the consumer’s marginal value of the certainty equivalent
aggregator of future utility, F5, which is referred to as the effective discount rate, and (ii) the
consumers’ marginal certainty equivalent value of next period utilities, VR;, which is referred to
as the effective belief. When consumers have SEU preferences, the effective discount rate and
beliefs become the standard discount rate and subjective beliefs, so the dynamics of marginal
utility ratios are relatively simple as both objects are exogenously given. With general recursive
preferences, instead, both effective beliefs and effective discount rate are endogenously determined
and can depend on consumers’ equilibrium consumption.

To tackle this technical difficulty, this paper adopts a local approach that consists in studying
the (exogenous) dynamics of the marginal utility ratio when some consumer consumes the aggregate
endowment and argue that it approximates the original dynamics. We define a local domination
relation by saying that ¢ locally dominates j if the expected log of consumer i’s effective discount
rate and beliefs is larger than that of consumer j when ¢ consumes all the endowment. We show that
when i locally dominates j, the log ratio of their marginal utilities can be approximated by a local
supermartingale, which allows us to show that when 7 consumes almost all the endowment, there
is a positive probability that she dominates the market, i.e., is the unique consumer who survives
in the limit. Under the assumption that each such “one-consumes-all” neighborhood is visited
with positive probability, we characterize the long-run dynamics in terms of our local domination
relationship. We first consider the case of two consumers in Theorem 2. In sharp contrast with
the expected-utility case where, except for tie cases, the consumer with more accurate beliefs is the

unique survivor, Theorem 2 shows that a variety of patterns can emerge with general utility. We



construct examples of economies where either (a) each consumer survives with positive probability
or (b) both consumers co-exist with probability one or (c) some consumer with incorrect beliefs
is the unique survivor. These differences in survival patterns are created by the endogeneity of

effective beliefs and discount rates through the following channels.?

o Distortion of subjective beliefs. The certainty equivalent can depend on tomorrow’s continuation
values in a non-linear way. Therefore, when continuation values are different across states,
effective beliefs are obtained from the subjective beliefs by re-weighting the states.* Such
distortion may result in a consumer with a less correct subjective belief having a more correct

effective belief, increasing her survival prospect.

e FEndogeneous patience. The sum of effective beliefs across states can be distorted as well.
When the sum is larger than 1, consumers are endogeneously more patient than a correct SEU
consumer. This implies higher saving motives, which can compensate for belief incorrectness

and lead to long-run survival.

o Reversal of local dominance. Effective beliefs can change with consumers’ market positions,
creating a reversal of local dominance. For example, it might happen that consumers’ effective
beliefs are more precise when they consume very little and less precise when they consume

almost everything. This can lead to the co-existence of multiple consumers.

Afterwards, we extend the discussion to arbitrary number of consumers. Theorem 3 and 4 provide
our characterization for the case of multiple consumers. It is worth noting that with general
preferences, the survival patterns with multiple consumers can not be considered as a simple
extension of the two-consumer case. To illustrate this point, Example 15 shows that a consumer
vanishes almost surely in a two-consumer economy but survives almost surely in a larger economy.

We then present the second main result of the paper. We apply our characterization to examine
the global and local robustness of the MSH. We restrict attention to the class of preferences
generated by identical separable time aggregators, so that preferences are only determined by
the certainty equivalent R. We first show that the MSH is globally non-robust in Theorem 5. That
is, we show that there exist multiple robust survivors, i.e., preferences that survive with positive
probability in the presence of any possible preferences. In particular, consumers with incorrect
beliefs can robustly survive. We further present a tight characterization of robust survivors: a
preference relation can robustly survive if and only if a consumer with such preferences locally
dominates another consumer with SEU preferences and correct beliefs.® Using this characterization,
we show that any full-support beliefs can robustly survive if there is enough aggregate risk,

suggesting that the market can perform very poorly in terms of belief selection. Consequently,

3For simplicity, we focus on explaining how the certainty equivalent affects the survival. The discussion of time
aggregator is similar.

4Note that this distortion is absent in the SEU framework, in which R is linear in the continuation values, and
hence VR is independent of them.

5See Section 8 for a discussion of this characterization in terms of the consumers’ attitudes towards uncertainty



even though Sandroni (2000) and Blume and Easley (2006) show that there is a unique belief that
dominates the market in the SEU class, we argue that such dominating belief doesn’t exist in the
general class of preferences we study. Next, we show that the MSH is locally non-robust as well in
Theorem 7. We prove there exist multiple locally robust survivors, i.e., preferences that survive with
positive probability in the presence of any sufficiently similar preferences. Perhaps surprisingly, we
show that every preference that is not effectively SEU, in a sense that will be formalized later, is
a locally robust survivor, which suggests that SEU preferences only represent a knife-edge case.
This paper is organized as follows: Section 2 introduces the economy, the family of generalized
recursive preferences and defines a competitive equilibrium. Section 3 characterizes the competitive
equilibrium through a set of first order conditions and shows its existence. Sections 4 derives the
dynamics of marginal utility ratios. Section 5 introduces our local approach to study long-run
dynamics. Section 6 contains our characterization of the long-run dynamics. Section 7 discusses
the robustness of the MSH. Section 8 relates survival prospects to attitudes towards uncertainty.

Section 9 reviews the literature. All proofs are collected in the Appendix.

2 Model Setup

In this section, we introduce the basic notions for our infinite-horizon stochastic exchange economy

and define a competitive equilibrium.

2.1 Uncertainty and Preferences

Time is discrete and denoted by t € T = {0,1,2,3,...}. Let S denote the finite set of states of
nature. The initial state at time 0 is sg. At each period t > 1, a state s; € S is realized. Let X
denote the set of all paths with a typical element o = (s1, s, ...). Let X! denote the set of histories
up to time ¢ with a typical element oy = (s1, ..., s¢). Further, ¥ (o4) = {6 € ¥ : 6, = 0}, denotes a
cylinder set with base o;. Let F; denote the o-algebra that consists of all finite unions of the sets
¥ (01), where Fy = {0, S} is the trivial o-algebra and F is the o-algebra generated by U F;. The
states of nature are drawn according to a distribution 7wy on >. We also use P and E to denote the
probability measure and expectation induced by mg.

The economy is populated by I infinitely-lived consumers and there is a single good every
period. With some abuse of notation, we also use I to denote the set of consumers. A consumption

plan is a stochastic process ¢ : ¥ x T — R4, where ¢; (-) = ¢ (+,t) is Fy-measurable. The set of
Jr

all consumption plans is C = L1,

where L} denotes the set of non-negative adapted stochastic
processes on Y that are essentially bounded. Each consumer is endowed with a consumption plan

et € C\{0}. The aggregate endowment is denoted by e. Consumers have complete preferences
+

I, where

over all feasible consumption plans that are represented by some mapping V : C — L

Vs, (¢) = V(c)(o,t) denotes the utility of consuming ¢ at o;. We assume that consumers have



recursive preferences over the consumption plans which take the following form

VUz (C) =F (CtaRUt (Vo't+1 (C))) ) (1)

where F : R? — R is the time aggregator which describes the attitude toward temporal resolution
of uncertainty, R, : R® — R is the certainty equivalent aggregator which describes the attitude
toward the uncertainty in the next period’s utility values, and Vg, , (c) = (Vo s (¢)),cg is vector
of utility values at date t+1. To simplify notation, we denote V,, and R, as V; and R; henceforth.

Below we introduce some examples of recursive preferences.

Example 1. (Discounted Expected Utility) Let F (c,y) = u(c) + By, and Ry (V) = E (V|F).
Then, the utility satisfies
Vi(e) =u(et) + B x Ex (Vi1 (0) | 1),

which are the discounted expected utility preferences. The survival in economies with these
preferences is studied by Sandroni (2000) and Blume and Easley (2006).

1
Example 2. (Epstein-Zin Preferences) Let F (c,y) = ((1—8)c'™ + By' )77 and R, (V) =
1
[Ex (V17 (c)|F:)] 77 . Then, these preferences satisfies

—p

i = (a-md s [z (v @1R)] 7))

which are the Epstein-Zin preferences with homothetic aggregator, see Epstein and Zin (1989).
Here, 1/p stands for the elasticity of intertemporal substitution (EIS), and ~ stands for the
coefficient of relative risk aversion. The survival in economies for particular cases of these preferences
is studied by Dindo (2019) and Borovicka (2020).

Example 3. (Recursive Smooth Ambiguity) Suppose that consumers face model uncertainty and

entertain a set of distributions
M = {m, ...}

Let F (c,y) =u(c) + By, and Ry (V) = ¢~ (E,¢ [Ex (V|F)]), where p stands for the distribution

over M. So, we have

Vi(e)=u(ct)+ B x ¢ (Buo [Ex (Viga (¢) [F)]),

which are the recursive smooth ambiguity preferences (Klibanoff et al., 2009). The survival in
economies where consumers have these preferences and homogeneous beliefs is studied in Guerdjikova
and Sciubba (2015). Condie (2008) studies the extreme case of the max-min preferences with

heterogeneous beliefs.

Our setup also includes preferences that have not been studied in the previous literature on

market selection. Below are two examples.



Example 4. (Kreps-Porteus Preferences) Let F' be an arbitrary function that is strictly increasing
in its second argument and let R, (V) = E.(V|F;). Then, the we have the utility functions
introduced by Kreps and Porteus (1978) given by

Vi(e) = F(c, B (VIF)),

where for some time aggregators, the concavity /convexity of F' with respect to its second argument

determines whether the consumer displays a preference for the late/early resolution of uncertainty.

Example 5. (Chew-Dekel Preferences) The certainty equivalent aggregator is defined implicitly
as the solution to
R = Ex [M (Viy1, R) | F],

where M is increasing and concave in its first argument, homogeneous of degree one and satisfies
M(k,k) = k, see Chew (1983, 1989) and Dekel (1986). One salient example is the generalized

disappointment aversion preference, see Routledge and Zin (2010), where

Re= (Y mVo.—0 S [(mt)a -~V
S S:Vg‘t7s<6Rt

where « is the coefficient of relative risk aversion and there is penalty that is proportional to 6 on
outcomes that lie below a disappointment threshold éR;. If § = 0, these preferences are SEU while
if 6 = 1 they are the disappointment aversion preferences introduced by Gul (1991).

In addition to previous examples, there are many other important recursive preferences that
haven’t been explored in the market selection literature. In what follows we allow consumers to

have heterogeneous preferences and use superscript ¢ to denote consumer i’s preferences.

2.2 Competitive Equilibrium

A contingent contract is a promise to deliver one unit of the consumption good contingent on the
realization of the observable states of the world and zero otherwise. We assume there is a complete
set of competitive markets to trade contingent contracts that opens at date zero.

A price system is a stochastic process p : ¥ x T — R and we define p(oy) = p(o,t) to be the
price of a contingent contract for o;. Let Q = {p >0:3 20> pese P (o) < oo} denote the set of

summable contingent commodity prices. Consumer i’s problem given price system p is defined as

SExamples include rank-dependent utility (Quiggin, 1982), uncertainty averse preferences (Cerreia-Vioglio et al.,
2011; Strzalecki, 2013), dynamic preference for flexibility (Krishna and Sadowski, 2014), cautious expected utility
(Cerreia-Vioglio et al., 2015) and dynamic mixture-averse preferences (Sarver, 2018).



follows:

max V{ (c)

ceC
e} oo )
s.t. Z Z p(or) X c(op) < Z Z p(oy) x e (o1),
t=0 gt t=0 g3t
c(o)>0foralloe ¥ andt>1

where oy is given and V* satisfies (1). A competitive equilibrium is an allocation and a price system

such that consumer’s decisions are optimal in their budget sets and markets clear.

Definition 1. A competitive equilibrium is (c,p) € C! x Q such that:
1. For every i, ¢ solves consumer i’s problem given price system p;
2., ¢ (o) =e(oy) for all oy € ¥y and all t € T.

3 Characterization and Existence of Equilibrium

In this section we characterize the dynamics of competitive equilibrium consumption in terms of

effective discount rates and effective beliefs and show the existence of a competitive equilibrium.
In order to characterize the competitive equilibrium using a set of equations, we introduce

Assumptions 1 and 2 to ensure the time aggregator is smooth and well-behaved at the boundary

and the certainty equivalent aggregator is smooth and strictly increasing in continuation utilities.

Assumption 1. F? (x,y) is continuously differentiable, F* > 0, and F}, Fi > 0 and liIr%)Ff (z,y) =
z—>
+o0 for all y > 0.

Assumption 2. R! (Vii1) is continuously differentiable and strictly increasing in for all

Sty1 €85, 00 € and t > 1.

7
VUt,StH

The following proposition shows a competitive equilibrium can be described using a system of
first-order conditions. The result is a straightforward consequence of the one-deviation property
of optimal plans together with the monotonicity and boundary properties of F' introduced in

Assumptions 1 and 2.

Proposition 1. Suppose Assumptions 1 and 2 hold. If (¢,p) is a competitive equilibrium, then for

every i and oy € Xy we must have that

b (Uta 3) _ Fll (Cl (O-t’ 8) aRf%—&-l (‘/2524-2))
p (o) Fi (¢ (00) , Ry (Vi)

x VsRi (Vi) x B3 (¢ (04), Ri (Vi) s (2)
where ViRi (Vi) = OR} (Vi) /0V7, .-

This result is the familiar first-order condition that the marginal rate of substitution between

present and future consumption, the right hand side of (2), must be equal to their relative price



at any optimal interior consumption plan. Unlike the case of discounted expected utility where
the marginal rate of substitution has a simple form that depends only on consumption at o; and

(04, S¢+1), in this case it depends also on continuation utilities. This is because the generalized

marginal utility of consumption at oy, F} (ci (0¢), RE ( ti+ )), depends not only on the consumption

at oy but also on the certainty equivalent R:. Likewise, the marginal utility of consuming at (o3, s)
depends not only on the consumption level at (o4, s) but also on the continuation utilities at
dates t + 1 and ¢ + 2. The latter is because the marginal utility of consuming at (o, s) is equal
to the marginal utility of the certainty equivalent at oy, Fi, times the marginal effect on the
certainty equivalent at o; of the consumption at (oy,s), that is VsRE x F}. In what follows, we
call VR} = (VsR}), g the effective belief of consumer i and Fj the effective discount rate
of consumer i. In the special case of subjective expected utility, the effective belief equals the
consumer’s subjective belief 7% and the effective discount rate is equal to 8. It is worth noting that
although we refer to VR as effective beliefs, it actually represents the gradient of the certainty

equivalent and may not add up to one for general preferences.

3.1 Existence of an Equilibrium

To study existence of equilibrium in this economy with countably many commodities we need to

introduce some assumptions on preferences and resources.

Assumption 3. There exists 0 < m < M < 400 such that m < e’ (o) < M for all oy € ¥ and
te .

Assumption 4. F(z,y) is concave and satisfies that F* (x,y) =y has at least one non-negative
solution for every x >0 and F*(0,0) > 0.7

Assumption 5. Ri (V) is concave and satisfies Ri(k-1) =k for all k > 0.8

Assumption 3 simply says that endowments are uniformly bounded. Assumptions 4 and 5
impose conditions on F' and R that are used to prove continuity and convexity of the preference
relation, a key step to show the existence of an equilibrium. Now we are ready to state our result

on the existence of a competitive equilibrium in our economy.

Theorem 1. Suppose Assumptions 1 to 5 hold, then a competitive equilibrium exists and satisfies
(2).

Our proof is based on the existence theorem by Bewley (1969) that requires preferences to be
strongly monotone, weakly convex and continuous in the Mackey topology. We adapt the arguments

in Marinacci and Montrucchio (2010) to show that recursive utility functions generated by a time

"The last part of Assumption 4 rules out the case where the minimum utility is 0 as it requires F* (0,0) > 0. This
requirement of Assumption 4 is for technical convenience, it could be relaxed in some interesting cases, e.g., separable
time aggregator. To establish existence of equilibrium, we could allow F* (0,0) = 0 if we add the assumption that
F is a Blackwell contraction in y.

8In what follows, 1 denotes the unit vector in R®



aggregator and a certainty equivalent aggregator satisfying Assumptions 1, 2, 4 and 5 represent
preferences that are continuous in the product topology.” Since the product topology is coarser
than the Mackey topology, it follows that preferences are continuous in the Mackey topology as
well. We also show that preferences are strongly monotone and weakly convex.

The assumptions in Theorem 1 allow for a wide range of preferences over consumption plans.

Below are some examples of preferences that satisfy these assumptions.

Example 6. Discounted expected-utility preferences with F (c,y) = u(c) + By and R, (V) =

E. (V|F:), where 8 € (0,1), and u (0) > 0, u’ (¢) > 0, u” (¢) < 0 and lin% u' (¢) = 400, and 7 has
c—

full support.°

Example 7. Epstein-Zin preferences with an “almost” homothetic time aggregator F'(c,y) =
1 1

(1= B)ct?+ By'=*)T=7 +e and Ry (V) = E (V17| F) ™, where 3,p € (0,1) and &, > 0, and

7 has full support.

Example 8. Recursive smooth ambiguity preferences with

F(c,y) = u(c) + By, and Ry (V) = ¢~ (Eud [Ex (VIF)]).

where 8 € (0,1), 7 has full support, u satisfy the conditions in Example 6, and ¢ is strictly
¢ (z)

~ @) is concave.!! Below are some examples of ¢.

increasing and satisfies ® (x) =

e Constant relative ambiguity aversion (CRAA): ¢ (z) = aa?lliz + b, where a,v > 0.
e Constant absolute ambiguity aversion (CAAA): ¢ (z) = —aexp (—yz) + b, where a,vy > 0.

e Hyperbolic absolute ambiguity aversion (HAAA): ¢ (z) = 1_77 (% + b)v, where a,y > 0.

Our characterization of the consumption dynamics relies only on equation (2) and so it extends
to cases where Assumptions 4 and 5 might not hold (i.e., when F' is convex in its second argument)

provided an equilibrium still exists.

4 Consumption Dynamics

In this section, we introduce the survival notions and derive a recursive description of consumption

dynamics in the same spirit of Sandroni (2000) and Blume and Easley (2006).

9The existence and uniqueness of a utility function satisfying recursion (1) follows almost directly from Theorem
1(ii) in Marinacci and Montrucchio (2010), albeit with a slight modification. Marinacci and Montrucchio (2010)
restrict attention to consumption plans ¢ that are bounded away from 0 (i.e., [c], > 0 in their notation). Since
we are interested in the case where ¢; — 0, we cannot restrict to the case in which |c¢|_ > 0. Instead, we assume
F'(0,0) > 0 and show that their result still holds.

OFor the discounted expected-utility case, we actually don’t need u (0) > 0 because F is linear in y and S8 € (0,1),
and hence it is a Blackwell contraction (see footnote 7).

" The concavity of ® ensures that R is concave (see Chapter 3 of Hardy et al. (1952)), so Assumption 5 is satisfied.

10



Definition 2. We say consumer ¢ survives on a path o if limsu ci(o) > 0, vanishes on a
t—oo “t )

path o if lim; oo cf;(a) = 0 and dominates on a path o if all other consumers vanish on that path.

In what follows, we are interested in consumers’ survival in a competitive equilibrium, and
we focus on equilibrium consumption allocations without explicitly mentioning them. We analyze
consumption dynamics by examining the dynamics of the marginal utility ratio between any two

consumers. Lemma 1 introduces a key property employed throughout this paper.

Lemma 1. Under Assumptions 1-3 and Ry (k- 1) =k for all k > 0, we have

Fi (¢ (1), Ri (Vih))

—— — — 00 for some j = ¢ (03) = 0 P-a.s.,
Ff (¢ (00), RE (Vi) )

LY (0y) =

where LY (0y) is the generalized marginal utility ratio between i and j.'?

Lemma 1 says that consumer ¢ vanishes on all paths where the generalized marginal utility ratio
between i and some other consumer j goes to infinity. To study the dynamics of marginal utility
ratios, we divide the first-order conditions (2) of any pair of consumers i and j and we obtain the

following proposition.

Proposition 2. Suppose Assumptions 1 and 2 hold. In any competitive equilibrium, we have
Lij (O't, St+1) = Lij (O't) X Bji (Ut,3t+1) X Dji (O't), (3)
for every i,j and op € Xt and sg11 € S, where

Fj (cj (o0) , RY <th+1>)
Fy(c (o), R (Vi)

are the effective belief ratio and discount rate ratio respectively between j and i.

and D’" (o) =

Bt - N/
(0¢,5) VSRé( tZ+1) )

From (3), we see that if i’s effective belief on state s and effective discount rate are higher than
j’s (i.e., B¥ (04, s) and DJ?(o;) are less than 1), then i’s generalized marginal utility decreases
relative to j when the next-period state realization is s. Intuitively, if ¢ has a higher effective
belief on state s, it means that the marginal effect of next-period utility in state s on the certainty
equivalent is higher, so i tends to allocate more consumption to state s; also, if ¢ has a higher
effective discount rate, then it means that ¢ is effectively more patient and tends to allocate more
consumption to the next period. Both effects contribute to the decrease of generalized marginal

utility ratio between ¢ and j. Below are some special cases of the dynamics.

12We actually only need the weaker condition that the process R (k) = {R¢ (k- 1)}ter € Loo for each k > 0.

11



Example 9. (Dynamics of discounted EU) Suppose that consumers have discounted expected

utility preferences with i.i.d. beliefs. Then, (3) becomes

u) (ci (Ut+1)) u (ci (at)) 7 (s441) " g
T )~ W (@) w (s B

(4)

which corresponds to the dynamics in Sandroni (2000), Blume and Easley (2006, 2009). Suppose
that the state distribution is also i.i.d., then (4) implies that

1 u (ci (o7)) 1 7 (s¢) B
lim —log ) iy 2 S g T log 2
10 T8 W (T (07) ~ Tobe T 2 B i (sg) T 8 B

where 1 (WZ) = —Elog [7Ti (s)] represents the relative entropy of 7%. Suppose that 8* = /37, then
the consumer with a larger entropy—thus less precise belief—will vanish in the limit, as predicted

by the market selection hypothesis.

In Example 9, the marginal utility ratio can be characterized by a simple Markov process,
where the transition function only depends on beliefs and discount rates. This property allows us
to conveniently investigate the dynamics of marginal utility ratio without having to solve for the
equilibrium by analyzing a stochastic process which is exogenous to the economic system. Notice
that this property relies on that the discounted expected-utility preference has a linear certainty
equivalent aggregator and separable time aggregator. The linearity implies that V;;; does not
enter in the first-order condition, so the effective beliefs and discount rates are independent of the
continuation utility. However, with general recursive preferences, today’s utility can depend on the
continuation utility in a non-linear way, so the effective beliefs and discount rate can depend on

continuation utility and are endogenously determined in equilibrium. Below are some examples.

Example 10. (Dynamics of Epstein-Zin) Suppose that consumers have Epstein-Zin preferences

and i.i.d. beliefs. Then, the effective discount rates and beliefs are

Vi pi Vi v
= () o VR0 = (i) 7. 6
2 ARV ¢ (Vi) <R%(Vt’+1)

time adjustment risk adjustment

and the generalized marginal utility is F} = (Vgt / c%)pi. The dynamics of the generalized marginal

utility ratios are described by

Vdesrn \ 7 Vi .
g g RI(Vi,y) m (st11) R{(V}m v
LY (O’t, St+1) =LY (O't) X - X - . (6)

. — 3 Pi
)% L < Vo, ) i
Ot,St+1 T
(R%(Vz )) ﬂ-l (St+1) Rt(‘/t+l) B




Compared with the SEU case (4), we have time and risk adjustments in front of the standard
beliefs and discount rates. The time adjustment depends on the current utility, Voft, relative to
the date ¢ certainty equivalent of future utility: When current utility is relative low (high), the
consumer becomes more impatient (patient) and discounts the future more (less) heavily. The risk
adjustment of state s¢41 depends on the future utility in that state, V;t s,.1» telative to the the date

t certainty equivalent of future utility: States where utility is relatively low (high) are overweighted

(underweighted).

Example 11. (Dynamics of smooth ambiguity) Suppose that consumers have recursive smooth

ambiguity preferences and i.i.d. beliefs. Then, effective discount rates and beliefs become

=p VR, (Vi) = By <Z5¢[,‘ (R(%(t;if);)} 7 (s)

ambiguity adjustment

and the generalized marginal utility is F} = u/(c;). Note that effective discount rates and the
generalized marginal utility are both standard because F' is separable. The dynamics of generalized

marginal utility ratios follow

X T (S¢41)

% []E"( t+1(C
E - ;
( ¢ (Ri( m)

E . (¢ HER (Vi (o)

L” (O't, St+1) = L” (O't) X

gj 7)

\-/v \_/\_/

><7[' S 1
(z)/(rRz( tz+l) t+

\_/\_/

which corresponds to the dynamics in Guerdjikova and Sciubba (2015). When consumers are
ambiguity neutral, ¢’ is constant and (7) becomes (4) with 7" = E i (7). When consumers are
ambiguity-averse, there is an ambiguity adjustment for each model. The ambiguity adjustment of
model 7 depends on the expected future utility evaluated under 7 relative to the date t certainty
equivalent of future utility: Models where the expected future utility is relatively low (high) are

overweighted (underweighted).

Example 12. (Dynamics of Generalized Disappointment Aversion) Suppose that consumers have

generalized disappointment aversion preferences with i.i.d. beliefs and a separable time aggregator.

Then, effective discount rates and beliefs are!

m'(s),

. a—1 i
Vi L0 1pyi  <oimiy
(69)

:/Bi’ VSRZ Vz = O'tiy T -
t ( t+1) Rt 0 . ZS/ T (8/) . l{V;‘t’s,<5iRi}

disappointment adjustment

and the generalized marginal utility is F{ = u/(¢;). The dynamics of generalized marginal utility

13 Although these preferences are not differentiable at the point V,, s = dR: , we can approximate them by a
smooth version for which the above FOC holds as noted by Routledge and Zin (2010).
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ratios are described by

, a;—1 14671 i
s Véf’sﬁ-l ! (V3y,5441 <6/ R{} 7Tj(8 )
J R 1+(59)%07-3, i (s) 1 , t+1

V4, s<6IR]
; a;—1 i. ) o Bi
O(Z V;t73.t+1 ’ a1+0 l{v.(}t;s<6l72%} ﬂ-z(st—‘rl) B
Ri THO)T0R 2 () Ly, <sir)

Compared with the SEU case (6), we have disappointment adjustments in front of standard beliefs.

LY (01, St41) = LY (o¢) %

In the case a = 1, the disappointment adjustment overweights all the disappointing events by the
same factor and underweights the probabilities of the complementary events. In the case a < 1,

a;—1

7
Vo'tﬂstJrl
7

the disappointment adjustment involves an additional term, < , that is a decreasing

t

functon of the ratio between future utility in that state, V* relative to the the date t certainty

Ot,S5t+1"
equivalent of future utility. Consequently, compared to the case a = 1, disappointing events receive

an additional weight that is larger the more disappointing the event is.

From the previous examples, we see that the evolution of the generalized marginal utility can
be complicated as both effective beliefs and discount rates may be endogenous. To characterize
the consumption dynamics, this paper adopts a “local approach” by studying the approximated
dynamics when a specific consumer almost dominates the market, i.e, consumes almost all the
endowment. By doing so, we can approximate endogenous terms in (5), e.g., V41, by terms that
are exogeneously determined. This approach will be explained in greater detail in the following

sections.

5 Local Survival Index

In this section we introduce some concepts to implement the aforementioned local approach. For

simplicity, we focus on the stationary case and impose the following assumption.
Assumption 6. (Stationarity) States and endowments are i.i.d, and Ri = R for all t € T.

Assumption 6 posits a stationary structure on uncertainty. First, uncertainty manifests itself
in a time-independent manner, i.e., state and endowment are i.i.d. distributed. Second, consumers
have time-independent preferences toward uncertainty, e.g., consumers hold i.i.d. beliefs and there
is no learning. This assumption simplifies the analysis and allows us to focus on the pure effect of

market selection.4

Definition 3. (Local utility) Under Assumption 6, we define V' = V! (0) and Vit =V} (e) for
all s; € Sand i € 1.

We believe that our approach can extend to situations with time heterogeneity by appropriately modifying
notations. For example, suppose there is learning but beliefs converge to some limit, then the exact same analysis
applies here; also, we can re-define the entropy using its time average to characterize dynamics for non-i.i.d. cases.
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In words, V* denotes the continuation utility of consumer i when she consumes 0 in every
period, and st , denotes the continuation utility of ¢ when the current state is s; and she consumes
the total endowment e in every period. Under Assumption 6, V* is fixed and Vi,t only depends on
the current state s;, and they can be simply obtained by solving a system of equations.'® We then

define the local survival index as follows.

Definition 4. (Local survival index) For all 4, j, we define

E log [vsRi (V)} +Elog Fi (e (s), R (V)) T
Elog [VsR7 (V7)] +Elog FJ (0,R7 (V7)) if j # i.

called the local survival index of consumer j when ¢ dominates.

The local survival index S%j has two components. The first component is the expected log, or
the negative of the relative entropy, of consumer j’s effective belief when 7 dominates the market,
i.e., consumes the total endowment.' The second component is the expected log of consumer j’s
effective discount rate when i dominates. A consumer has a higher survival index if her effective
belief has a lower entropy, and if her effective discount rate is higher. A special case is the discounted

expected utility where Sij = —I(79) + log 3/ for all 4, j. We then introduce the following concept.

Definition 5. (Local dominance) For all i, j, we denote by
i-ij ifSI>8,
and we say that i locally dominates j. We denote by j =; i if the inequality is reversed.

Definition 5 says that ¢ locally dominates j if she has a higher survival index than j when
she dominates the market. The local dominance is closely related to the consumption dynamics.

Intuitively, when 7 consumes almost everything, dynamics (3) can be approximated by

VR (VI) B (0,R (V) ®
V,Ri (w) Fi (e (s),Ri (V’)) 7

L” (O’t+1) ~ Lz] (O't) X

where each consumer’s utility is approximated by the local utility when i dominates.!” Note that

5From the definition of recursive utility (1), V and Vi must satisfy
Vi=F' (O,Ri (Kl)) and Vi =F" (e (s) SR (vl)) for all s € S,

where V' = (V;) is the vector of the maximum local utility.
seS .
5With some abuse of language, we refer to —E log (VSRl) as the relative entropy of ¢’s effective belief though

VR may not be a probability.
17This approximation arises from the continuity of preferences in the product topology, which will be explained
in the proof sketch of Theorem 2 in Section 6.
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(8) implies that -
LY (o441)

El —
og Lii (Ut)

~ ST i

Therefore, ¢ »-; j implies that the log marginal utility ratio between i and j decreases on expectation
when ¢ consumes almost everything, which further implies that ¢’s consumption has a tendency to
increase relative to j’s when ¢ consumes almost everything. With expected utility, each consumer
j has a fixed survival index Sij = &7 across all 4, so the relative consumption dynamics remain
identical when a consumer dominates the market and when she vanishes. This leads to a complete
ranking among all consumers based on their survival index, where only those with the highest
index can survive (Sandroni (2000), Blume and Easley (2006)). However, with general utilities, the
survival index can vary with the consumption allocation and may result in a ranking reversal, such
as ¢ >=; j and j ;i are both true. This suggests that the rankings based on survival index can be

incomplete, leading to a variety of survival patterns different from those in the standard case.

6 Characterizations of Dynamics

This section presents our first main result. We characterize the consumption dynamics using the
aforementioned local approach. To implement the local approach, we introduce an irreducibility
assumption, that is every consumer has positive probability of almost dominating the market, or
equivalently, the marginal utility ratio between any consumer ¢ and all other consumers can be

arbitrarily small with positive conditional probability at every date.

Assumption 7. (Irreducibility) For all0 < L < L < +o0 and i € I, there exist K < oo such that

whenever maxjcr LY (04) < L, we have

maIxL” (0,81, ..., SK) < L for some s1,...,sx € S,
Jje

forallt € T and o € 2.

Notice this is an assumption on endogenous variables as L depends on the equilibrium consumption
allocation. While in the Appendix A.5 we provide conditions on exogenous variables to ensure this
assumption holds,'® we retain Assumption 7 in the main text because it explicitly highlights the
crucial property of the marginal utility ratio used in the proof. From a technical standpoint, we
consider it a natural assumption because even when it fails for certain consumers, we can still apply
our characterization to those consumers for whom it holds (which is why we call it ‘irreducibility’).
Moreover, we demonstrate that violations of Assumption 7 are not robust to small perturbations,
as explained in more detail in Section 7.1. Therefore, this assumption is convenient for the purpose

of exploring the robustness of the MSH.

18For example, the assumption holds as long as consumers’ disagreement, as captured by their belief ratio, about
one of the states is large enough.
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Figure 1: Two-consumer case

6.1 Two-consumer case

We first present our characterization for the two-consumer case.

Theorem 2. (Two-consumer) Suppose that |I| = 2. Under Assumptions 1 to 7, we have:
(i) if i =; j and i >; j, then i survives and j vanishes P-almost surely;
(1t) if i =; j and j =; i, then i and j survive together P-almost surely;
(ii1) if i =; j and j >; i, then only one consumer survives P-almost surely, and each survives

with a P-strictly positive probability.

Theorem 2 shows that a variety of patterns can emerge with non-expected utility unlike the
SEU case when there is always a unique survivor except for tie cases. Figure 1 depicts the four
possible cases of the local dominance relation. Figure 1 (a) illustrates Theorem 2 (iii) in which both
consumer 1 and 2 are locally dominant. To see that, note that 1 >; 2 implies that when consumer
1 almost dominates the market, loosely speaking, her consumption increases relative to that of
consumer 2 in expectation. This relation reinforces the initial dominating position of consumer 1,
so she will eventually dominate the market with a strictly positive probability, and the argument is
symmetric for consumer 2. Assumption 7 further guarantees that each neighborhood where some
consumer almost dominates will be visited with a uniformly positive conditional probability, which
establishes a global result that both consumers can dominate regardless of the initial condition,

and one of them dominates almost surely. Other cases can be discussed similarly.

Proof sketch of Theorem 2

Here, we focus on explaining why ¢ >; 7 implies consumer ¢ dominates the market with a strictly

positive probability. The claim proceeds in the following steps.

Step 1: We prove that every consumer’s utility can be approximated by their local utility

(Definition 3) when the marginal utility ratio is sufficiently small (or large). More precisely, we
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show that for all t € T, o € ¥ and € > 0, there exists L > 0 such that
L (04) < L implies that |V (0y) — V'| < & and [V7 (o) — V7| < . (9)

This is because under our assumptions, effective belief and discount rate ratios are bounded, so
when the current marginal utility ratio Lij is sufficiently small, the future marginal utility ratios
Lg_l, ...,Li‘iK for any K < oo can be arbitrarily small, which implies that cz, ....,CZJrK can be
arbitrarily close to 0. Lemma 6 in the Appendix shows that V,, is continuous in product topology,
so sufficiently many (but still finite) periods of low consumption imply that the utility is close to

the utility of consuming 0 forever, which establishes (9).

Step 2: We construct a modified process of marginal utility ratio between ¢ and j and show that
its log is a local supermartingale when 4 almost dominates the market. Specifically, we construct a
process {I:”} where

~

LY (04, 841) = LY (01) X B” (01, 5041) X D7 (01, 5141) -

Note that the only change from (3) is that we shift forward the ratio of discount rate by one
period. This modification allows us to construct a local supermartingale with increments given by

the difference of local survival index. That is, we have
£ <log (ﬁﬁrl) ’Ft) ~ log (zij) +8) — 8! < log (f)?) ,

when Lij is sufficiently small. We then show that the local supermartingale property further implies
that Ji? — 0 with a strictly positive probability. We note that the effective discount rate ratios
are bounded, so the ratio between ﬁ? and Lij is also bounded, so [A/i] — 0 implies Lij — 0, which

further implies that consumer ¢ dominates the market with positive probability.

Similarly, we can prove that j >; ¢ implies that consumer ¢ dominates the market with
0 probability. The irreducibility assumption implies that every neighborhood is reachable, so

Theorem 2 follows from different combinations of the local dominance relation.

Examples

Below we illustrate Theorem 2 using some examples of non-expected utility preferences that

generate survival patterns absent in the expected-utility framework.

Example 13. Suppose that S = {s1,s2}, I = {1,2}. Consumers have i.i.d. subjective beliefs
7l = (1/3,2/3), 7? = (3/4,1/4), and the true state distribution is mop = (1/2,1/2). The total

endowment in each state is expressed as utilities with u (s1) = 2 and w(s2) = 1, where u(s) =
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Figure 2: Survival with non-expected utility in Example 13

Note: All beliefs depicted in the figure, e.g., 7* and VR, denote the probability on the first
state, s1. Graphs on the left (right) depict effective beliefs when consumer 1 (2) consumes all the
endowment.

u(e(s)) denotes the utility of consuming the aggregate endowment in state s. Consumers have the

following preferences
i 1 i i
Vs, =u(ct) — B x —log Z exp <_%Vat,5t+1> 7 (St41) | »
Vi St+1€8

where ~; > 0 is the degree of ambiguity aversion.!” When i consumes all the endowment, both

consumers’ effective beliefs are

i (Vi) = 7 i(7) _ _ exp(=viu(s)) 7 (s)
VR (V) =7/ (5) and VR (V') = S (o () ()
We see that i’s effective belief overweights the bad state, but j’s effective belief is unadjusted
because she consumes 0 in every state and so bears no uncertainty. The case where j consumes all
the endowment is symmetric. First notice that, consumer 1’s subjective belief is more precise than
consumer 2’s in the sense that it has a lower relative entropy. As illustrated in Figure 2, 7! =1/3
is closer to the true probability m9 = 1/2 than 72 = 3/4. From Sandroni (2000) and Blume and
Easley (2006), we know that consumer 1 will drive out consumer 2 if they have SEU preferences.

However, with non-expected utility preferences, we can have the following patterns.

1. The less correct consumer dominates. Suppose that both consumers are ambiguity-averse

19This is a special case of the smooth ambiguity preference where the first-order distributions are Dirac beliefs.
This formulation is to simplify the exposition so that we don’t need to discuss beliefs over models, and then over
states, but the exact same analysis extends to general smooth ambiguity preferences.
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with 73 = 79 = In2, then

S L
VR?(V2) = (3/4,1/4) VR? (V') = (3/5,2/5)

so we have 2 =1 1 and 2 >5 1, and consequently, consumer 2 dominates the market. This is
illustrated in Figure 2(a), where the first and second graphs depict the effective beliefs when
consumers 1 and 2 consume the aggregate endowment, respectively. First note that s is the worse
state because it has a lower aggregate endowment. Therefore, both consumers’ effective beliefs
will overweight so—and hence underweight s;—when they consume the aggregate endowment.
In Figure 2(a), this means that VRi(Vi) moves to the left of 7 for both i = 1,2. Let’s first
consider the left graph in which consumer 1 consumes all endowment. Notice that consumer 1
underestimates the probability of sq, which, in the graph, means that w' is on the left of 1/2.
Therefore, consuming all the endowment amplifies her underestimation by shifting her effective
belief further to the left. This makes her effective belief less correct than 72, and we have 2 > 1.
Now, let’s consider the right graph in which consumer 2 consumes all the endowment. In contrast,
consumer 2 overestimates the probability of s;, meaning that 72 is on the right of 1/2. When
consumer 2 consumes all the endowment, her effective belief on s; also shifts to the left, but this
belief adjustment compensates for her initial belief overestimation. This makes her effective belief
more correct than consumer 1’s, and we have 2 >=5 1. Since consumer 2 locally dominates consumer

1 in both neighborhoods, she will dominate the market almost surely as stated in Theorem 2 (i).

2. Co-existence. Suppose that 71,9 sufficiently large, say 1,72 — +00. Then, we have

VR (V') = (0,1 VR (VY)  =(1/3,2/3
(") ~woy L S < 8% and V) =@/3.2/3)

S > 82,
VRZ (V) = (3/4,1/4 vre (V) son T

so we have 2 =1 1 and 1 =9 2, which corresponds to the co-existence of both consumers, as
illustrated in Figure 2 (b). Let’s first consider the left graph, in which consumer 1 consumes all
endowment. In this case, consumer 1 bears the aggregate uncertainty, and when she is extremely
ambiguity-averse, her effective belief assigns almost all weight to the worse state, so. In contrast,
consumer 2 bears no uncertainty, and her effective belief is undistorted and equal to her subjective
belief. Therefore, consumer 1’s effective belief is less accurate than consumer 2’s, resulting in
2 >1 1. The case in the right graph, where consumer 2 consumes all the endowment, is symmetric.
In this case, consumer 2’s effective belief approaches a point-mass belief on ss, leading to 1 =1 2.
Since both consumers are locally dominated by each other, they co-exist in the market as indicated
by Theorem 2 (ii).
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3. Fach consumer dominates with positive probability. Suppose 71 = 0 and ~9 = In 2, then

VRN(V) =8 o (VR =)

Si < 82,
VR?(V2) = (3/4,1/4) vR? (V) _ s R

so we have 1 =1 2 and 2 > 1, and hence each consumer dominates with strictly positive probability.
This case is depicted in Figure 2(c). Since consumer 1 has standard SEU preferences, her effective
belief is always equal to her subjective belief. In the left graph where consumer 1 consumes all
the endowment, both consumers’ effective beliefs are their subjective beliefs, leading to 1 >; 2
because consumer 1 has a more precise belief. In the right graph where consumer 2 consumes
all the endowment, consumer 2’s effective belief shifts to the left, bringing it closer to 1/2 than
m1. Consequently, we have 2 =1 1. Since both consumers locally dominate each other, both can

dominate with a strictly positive probability as indicated by Theorem 2 (iii).

The preferences we assumed in Example 2 imply that the effective beliefs when some consumer
dominates the market are probability measures, so a consumer with correct beliefs can’t be driven
out of the market by consumers with incorrect beliefs. The following example shows that for some
other preferences a consumer ¢ with incorrect beliefs can actually drive another with correct beliefs

out of the market almost surely if the mass ¢ allocates to future states becomes larger than one.

Example 14. Suppose I = {1,2}, S = {s1,s2} and the true state distribution consists of i.i.d.

draws with mg = (%,%) Consumers have i.i.d. subjective beliefs 7! = (%,i), w2 = 7y and

preferences given by
1

V() = (e + 6 [Bxe (V)T @1F) ]

where u(0) > 0. Effective discount rates are identical and given by Fi = j3, thus irrelevant for

survival. When ¢ dominates the market, the consumers’ effective beliefs are

— —Yi
Vst (KJ) — (s) and VSRi (VZ> = (R:(/;Z)> s (s),

Note that the effective beliefs of the consumer who consumes all the endowment need not add up

to one. We have:

The correct consumer vanishes. Let y1 = 12 = % Let V} =4, V; =1 and Rl(vl) = %.20
Then, V? ~ 3.791, V; ~ 0.791 and RQ(VQ) ~ 1.491. It is easy to show that:
VR! (Vl> ~ (0.384,1.024) VR? (VQ) ~ (0.123,1.294)
= S > 8%, and = 81 > 83,

VR?(V?) =(0.5,0.5) VR (V') =(0.75,0.25)

*’These values can be obtained by letting 8 = 22, u(e(1)) = 3.5 and u(e(2)) = 0.5.
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Figure 3: Multiple Consumers

It follows by Theorem 2 (i) that consumer 1 dominates the market almost surely. Note that the
effective beliefs of consumer 1 when she dominates the market add up to more than one, which can
be interpreted as the consumer becoming endogenously more patient. This property is necessary

for the consumer with incorrect beliefs to dominate the market.?!

Remark 1. In these examples, consumers have identical discount factors and so local dominance
depends only on their effective beliefs. It turns out that for a non-expected utility consumer i, her

effective beliefs differ from their actual beliefs in three senses:

— First, the odds of the states are distorted because the effective beliefs over states are obtained by
re-weighting the original beliefs. In Example 13, the weight on low endowment states is increased
when the consumer consumes all the endowment, which in some cases make the effective belief of

the more optimistic consumer to be closer to the true distribution.

— Second, the total mass of future states is distorted as it can add up to more or less than one,
which can be interpreted as the consumer becoming endogenously more patient or more impatient,
respectively. In Example 14, the effective beliefs of the consumer with incorrect beliefs, when she
consumes all the endowment, has total mass sufficiently larger than one, compensating for her

incorrect effective odds.

— Third, they are allocation dependent and might cause a reversal of the local dominance relation,

allowing the existence of multiple survivors as in Example 13.

6.2 Multiple-consumer case

In this section, we extend the previous section characterization to general cases with an arbitrary
number of consumers. We also argue that the survival patterns with multiple consumers cannot
be considered as a simple extension of the two-consumer case.

We first provide a condition for a consumer to dominate the market with positive probability.

Proposition 3. Suppose that Assumptions 1 to 6 hold. Then for every i € I, we have: (i) If there

exists some j € I such that j »=; i, then consumer i dominates the market with P-zero probability;

21 Although the effective beliefs of consumer 2 when she dominates the market also satisfy the necessary condition,
they add up to a smaller number and are more skewed leading to a much lower survival index.
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(i) if Assumption 7 holds and i =; j for all j # i, then consumer i dominates the market with a

P-strictly positive probability.

Proposition 3 provides a full characterization of the property that some consumer dominates
with a positive probability: A consumer dominates the market with a strictly positive probability
if—and almost only if—she locally dominates all other consumers. It’s worth noting that Proposition
3 identifies consumers who dominate the market but does not fully address which consumers will
survive or vanish on other paths. Next, we demonstrate that in some cases, we can even identify

the complete set of survivors.

Definition 6. (Local contour set) For each i, we define i's local upper contour set U; =

{j :j=ii} and 's local lower contour set D; ={j :i>; j}.
We impose the following assumption.
Assumption 8. (No-indifference) For all i and j # i, either j € U; or j € D; holds.

The local upper (lower) contour set of consumer i consists of the consumers who dominate ¢
(are dominated by ¢) when ¢ consumes the aggregate endowment. Assumption 8 stipulates that
every consumer belongs to either the local upper contour set or the lower contour set of any other

consumer, thereby ruling out indifference cases. The following theorem uses Assumption 8.

Theorem 3. Suppose that Assumptions 1 to 8 hold, and that there exists a re-labeling of consumers
{i1,12, ..., in} such that
Uy, cU,C..CcU;

n*

Let I* = {i : U; = 0}, then (i) all consumers not in I* will vanish P-almost surely, and (ii) every

consumer in I* will dominate the market with a P-strictly positive probability.

Theorem 3 states that if every consumer’s local upper contour set can be ranked completely
based on set inclusion, then survivors are the consumers whose local upper contour set is empty,
indicating that they are locally undominated. Besides, each of these survivors will dominate the
market with a strictly positive probability. Figure 3 provides some illustrative examples. In Figure
3 (a), we have

Uy ={2,3},Us = {3},and U3 = 0,

resulting in a complete ranking: Us C Uy C U;. According to Theorem 3, the only survivor is
I* = {3}, meaning that consumer 3 almost surely dominates the market, while consumers 1 and 2

almost surely vanish. In Figure 3 (b), we have
Ui ={2,3},Us = U3 =0,

resulting in a set of survivors: I* = {2,3}. In this case, consumer 1 will vanish almost surely, and

consumer 2 and 3 will dominate the market, each with a strictly positive probability.
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To explain the proof, we will focus on the scenario depicted in Figure 3 (a) and demonstrate
that consumer 3 almost surely dominates. First, we note that under the irreducibility assumption,
the marginal utility ratio L; = (Lij ) must repeatedly enter at least one of the “one-consumes-
all” neighbourhoods infinitely often. Let’s suppose that L; enters the neighborhood of consumer
1. Within consumer 1’s neighborhood, we have U; = {2,3}, and according to Proposition 3,
consumer 1 cannot dominate the market. Therefore, L; will almost surely escape from consumer
1’s neighborhood. Once L; is outside of consumer 1’s neighborhood, one of two things must occur:
either consumer 2 or consumer 3’s consumption level becomes greater than some positive constant.
In accordance with Assumption 7, this implies that, after a bounded number of steps, L; will enter
the neighborhood of either consumer 2 or consumer 3. Suppose L; enters the neighborhood of
consumer 2. Again, using the information that Us = {3}, we can conclude that L; will almost
surely escape from consumer 2’s neighborhood and enter the neighborhood of consumer 3 with a
positive probability. Once L; enters consumer 3’s neighborhood, we have Uz = (), and Proposition
3 implies that L; will be trapped in that neighborhood with a positive probability. In summary, L
will visit consumer 3’s neighborhood infinitely often, and each visit will be captured with a positive
probability. Consequently, L; will eventually settle in consumer 3’s neighborhood, and as a result,

consumer 3 almost surely dominates.

There are situations where Theorem 3 doesn’t apply. Figure 3 (c) shows one example, where
we can’t rank the upper contour sets completely. In this scenario, we can apply Proposition 3 to
demonstrate that no consumer will dominate, meaning that at least two consumers will survive.
However, we are still unable to determine the identity of the survivors. The following theorem

allows us to provide more insight in such cases.

Theorem 4. Suppose that Assumptions 1 to 8 hold. Let G C I be any subset satisfying that
{UiNG :i € G} can be completely ranked by set inclusion, and let G* = {i € G: U;NG =0}. If

Ui # 0 for all i € G*, then P-almost surely some consumer in I\G survives.

Applying Theorem 4 to Figure 3 (c), we can further conclude that both consumers 2 and 3 will
almost surely survive. To see that, we first choose G = {1,3}. Note that

UlﬂG:{B},andUgﬂG:@,

so they can be ranked by set inclusion, and we obtain G* = {3}. Now, since Uz = {2} # (), Theorem
4 implies consumers in I\G = {2} survives almost surely. The survival of consumer 3 is symmetric
by letting G = {1,2}. Here’s the intuition: When all consumers in I'\G vanish, the economy can
be approximated as one with only consumers in G. Theorem 3 implies that in an economy with
G, some consumer in G* must dominate except for null events. However, since U; # () for every
i € G*, Proposition 3 implies that no one in G* can dominate. Therefore, the event of everyone in
I\G vanishing must have a probability of 0.

Remark 2. Theorems 3 and 4 nest Theorem 2 as a special case. More specifically, Theorem 3

implies Theorem 2 (i) and (iii), in which the upper contour sets can be ranked; Theorem 4 implies
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(a): consumer 1 vanishes a.s. (b): consumer 1 survives a.s.

Figure 4: Revitalization of an extinct consumer

Theorem 2 (ii), in which U; = {j} and U; = {i}, so we can choose G to be any singleton to show

that I'\G almost surely survives.

It is worth noting that the multiple-consumer case can’t be considered as a straightforward
extension of the two-consumer case. The following example, using Theorem 4, illustrates that it’s
possible for a consumer who almost surely vanishes in a two-consumer economy to almost surely

survive in a larger economy.
Example 15. Consider the same setup as in Example 13. We have the following cases.

o Consumer 1 vanishes a.s. in two-person economy. Suppose the economy originally has two
consumers I = {1,2} with subjective beliefs 7' = (1/3,2/3), 72 = (3/4,1/4), and ambiguity
aversion is y; = 2 = In2. From the discussion in Example 13, we know 2 >; 1 and 2 >, 1

as depicted in Figure 4 (a), so consumer 1 vanishes almost surely.

e Consumer 1 survives a.s. in three-person economy. Now consider a new economy I = {1, 2,3}
by adding a consumer 3 with 73 = (1/2,1/2) and 3 = In (7/3). It can be verified that effective

beliefs are

(0.2,0.8) i=1
(0.3,0.7) i=3

Then, it is then easy to verify that local dominance relations are as depicted in Figure 4 (b).
Consider a subset G = {2,3}. Then, we note that

@:U3QGCUQQG:{3},

so G* = {3}. Besides, Us # ), so Theorem 4 implies that consumer 1 survives almost surely.

This example shows that the analysis of survival of a two-consumer economy with general
preferences in the literature (e.g. Guerdjikova and Sciubba (2015) and Borovicka (2020)) is not

sufficient to understand the prospects for survival in general. With general preferences, the local
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survival indexes can be allocation dependent, leading to a reversal of the indexes’ order. In our
example above, the local survival index of consumer 2 is larger than that of consumer 1 when
either of them dominates the market (so consumer 1 would vanish in a two-consumer economy
with I = {1,2}) and the local survival index of consumer 3 is larger than that of consumer 2 (so
consumer 2 would vanish in a two-consumer economy with I = {2,3}). However, consumer 1’s
local survival index is the largest when consumer 3 dominates the market, which prevents consumer

1 from vanishing in the three-consumer economy.??

7 Non-robustness of the Market Selection Hypothesis

This section introduces our second main result. It examines the robustness of the market selection
hypothesis. In the SEU case, if all consumers have the same discount rate, those with correct
beliefs dominate the market. The natural question is whether this result is robust: If we allow
consumers to have general preferences, do the consumers with SEU preferences and correct beliefs
still dominate? If not, can we find a particular preference relation with which a consumer always

dominates the market? Before answering this question, we impose the following assumptions.
Assumption 9. For allt € T and o € X, there exists s,s' € S such that e (o, s) # e (o, 8').
Assumption 10. For alli € I , F'(c,y) = u(c) + By for some B € (0,1).

Assumption 9 requires that the aggregate endowment is uncertain. Without uncertainty,
consumers will act as if they have SEU preferences locally, and the problem degenerates to the
standard case. Assumption 10 requires that all consumers have the same separable time aggregator.
Assumption 10 is imposed for several reasons: First, to make the discussion meaningful, we must
require that all consumers discount the future in the same manner, i.e., we need to require all F*
to be equal, because otherwise we can always make a consumer more likely to survive by making
her more patient;?* second, the separable time aggregator nests the standard discounted expected
utility, which enables us to examine the robustness of the standard market selection results. In
this section, we allow R € Z, where Z# stands for all aggregators satisfying Assumptions 2, 5 and
6. Note that under Assumption 10, preference heterogeneity stems solely from different attitudes
towards uncertainty, described by the certainty equivalent aggregator R. Therefore, we refer to R
as the preferences of the consumers throughout this section. In what follows, we are interested in

examining whether there exists some R € % with which a consumer always dominates the market.

22Note that this reversal of local survival indexes cannot occur when all consumers have SEU preferences.
Therefore, in the SEU case, a consumer who vanishes in a two-consumer economy must also vanish in a larger
economy.

23The key element of Assumption 10 is that the discount rates are all equal to 5. Assumption 10 also requires
that consumers have a homogeneous utility function u, because it simplifies notation so that we can only use R to
capture preferences differences, but the results won’t change if we allow for heterogeneous w.
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7.1 The e-perfection of the economy

It is worth noting that our characterizations in Theorems 2, 3 and Proposition 3 may not apply to
all preferences within %Z. More specifically, whether Assumption 7 holds depends on various details
of the economy, such as the state space, distribution, and endowment. Fortunately, we have found
that for every preference R € &# and every economy, Assumption 7 can be satisfied by introducing
a small e-perturbation to it. This perturbed economy is referred to as the e-perfected economy.
By focusing on perfected economies, we can discuss all preferences in & in a unified manner. The
following section describes how to construct this perturbation. This construction primarily serves

technical purposes, so first-time readers may opt to skip this part.

Construction of the s-perfection. Recall that Assumption 7 fails when some consumer’s
consumption decreases in every state, preventing us from reaching the neighborhood where this
consumer almost dominates the market. However, if there exists at least one state in which this
consumer’s consumption increases, even if that state occurs with low probability, it is sufficient
to restore Assumption 7. The idea behind the e-perturbation is to introduce such low-probability
states that enable consumption dynamics to enter each “consume-all neighborhood”. Below is the
formal definition.

Let tuple & = (e, m, F,R) denote the original economy, where e = {e;},.;, I/ = {Fi}iel,
and R = {RZ}Z ¢y denote the profiles of endowment, time aggregators, and certainty equivalent
aggregators, and the subscript S emphasizes that the state space is S.?* Consider another economy
with an extended state space S > S and tuple £ = (é,fro, F ,T:’,) Next we want to talk about
the distance between ¢ and Eg. Note that £g is defined on a smaller domain, but we can describe

is then

all elements &g in the same domain as £g by natural extension. The distance ||Eg — &g
defined as the maximum distance between the coordinates of £ and Eg on the extended domain.
The formal definition of the distance is stated in Appendix A.11.

Definition 7. We say that £4 is an e-perfection of Es if we have: (i) ||Es — ¢l < ¢, and (ii) &g

satisfies Assumptions 1 to 7.

An e-perfected economy is associated with an extended state space that satisfies two key
conditions. First, it provides an e-approximation to the original economy, meaning that (i) the
characteristics of the new economy, such as preferences and distributions, are e-close to the old
ones, and (ii) the new states are negligible, occurring with at most e probability, carrying at
most ¢ endowment, and having negligible effects on preferences. Second, it must also satisfy
the assumptions required for our characterizations. The existence of an e-perfected economy is

guaranteed by the lemma below.

Lemma 2. (Existence) For all Es satisfying Assumptions 1 to 6 and all € > 0, there exists an

e-perfection of Eg.

24Throughout this section, the discount rate for all consumers is equal to (Assumption 10) and the set of
consumers is always I, so we remove them from the definition of an economy for brevity.
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Lemma 2 says that for all the economies of interest, we can always find a perfected economy
that is arbitrarily close to the original. This lemma, therefore, enables us to apply this paper’s
characterizations in a universal manner. It can be applied directly to any given economy or to a
small perturbation of it. Moreover, the perturbed economy can approximate the original preferences
arbitrarily well, enabling us to explore the robustness of survival for a wide range of preferences

examined in this paper.

7.2 Global non-robustness of the MSH

We begin our discussion by examining the robustness of the market selection hypothesis at a global
level, encompassing all preferences in #Z. To facilitate the discussion, we introduce the following

key concepts.

Definition 8. (Robust dominator) Preference R € Z robustly dominates if for all {Rj}j 4i €
#'1 with R7 # R for all j # i, consumer i dominates P-almost surely in all e-perfected economies

with sufficiently small .25

This definition implies that preference R’ dominates the market in a robust sense. In other
words, a consumer with R? dominates almost surely, regardless of other consumers’ preferences, in

all perfected economies that are sufficiently close to the original economy.

Definition 9. (Robust survivor) Preference R’ € Z robustly survives if for all {R/ }j 4i € 2
with R? # R! for all j # 4, consumer i survives with a P-strictly positive probability in all e-

perfected economies with sufficiently small ¢.

Preference R robustly survives if, regardless of other consumers’ preferences, consumer i
survives with a strictly positive probability in all perfected economies with small perturbations.
This implies that R? cannot robustly vanish in the market. It’s important to note that R’ cannot

robustly dominate if there is another preference that robustly survives.

Example 16. (Expected-utility case) Suppose that we restrict attention to SEU preferences with
i.i.d. beliefs, Zgy, where

Ay ={R:R((V)=E(V), where m € A(S)},

In the space of SEU preferences, the preference with correct belief, Rg = Er, (V), is the unique
robust dominator and survivor. This is because for all profile of beliefs 7% = {7Tj }j 4i that consists
of incorrect beliefs, the consumer with the correct belief has a strictly higher survival index. Due
to the continuity and strict local dominance relation, she also has a strictly higher survival index,

and hence will dominate the market, in all e-perfected economies with sufficiently small €.

In summary, on Zgy, there exists a unique preference that robustly dominates. However, the

argument fails when we extend the discussion to the general preference space Z.

2Formally, there exists some § > 0 such that consumer i dominates P-a.s. in all e-perfected economies with & < §.
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Theorem 5. Under Assumptions 1 to 10, (i) no R € % can robustly dominate; (ii) multiple
R € # can robustly survive; (iii) R' robustly survives if and only if i =; r, where v denotes the

consumer with SEU preferences and correct belief.

Theorem 5 conveys two important messages regarding the validity of the market selection
hypothesis. First, there is no preference that can robustly dominate in the general preference
space Z, indicating that MSH is not robust with general preferences. Second, there are multiple
preferences that can robustly survive within 4, suggesting that the survival of heterogeneous
preferences is a robust result under our general preference framework. Additionally, Theorem 5
also provides a simple characterization of robust survivors: A preference relation robustly survives
if and only if a consumer with those preferences locally dominates a consumer with correct SEU

preferences.?%

Proof sketch of Theorem 5

Theorems 5 (i) and (ii) are proved by construction, and we will provide an example to illustrate this
later (see Example 17). The main focus is to prove Theorem 5 (iii). To prove it, we first show that
under our assumptions, preferences must exhibit the local-expected-utility property at certainty,
which means that effective beliefs must be a probability distribution if the continuation utility is

constant across all states.
Lemma 3. (Local-EU property) For all R € Z and k € Ry, we have VR (k-1) € A(S).

Proof. Euler’s homogeneous function theorem implies that for all £k € R4, we have

=R (k1) =k x BRI 5 ORE-D

Ok seS s
OR (k- 1)
SN A L2
> o
seS
Assumption 1 says that %‘21) > 0, s0 VR (k- 1) is a probability distribution. O

Next we sketch the proof of Theorem 5 (iii). For simplicity, we focus on the two-consumer case,
I ={i,j}. To prove the “if” direction, suppose that i >; r. In cases where consumer i consumes
all the endowment, consumer j bears no uncertainty and behaves like an expected-utility consumer
due to Lemma 3. Therefore, we must have r >=; j because any SEU consumer is locally dominated
by the correct SEU consumer.?” Transitivity then implies ¢ =; j, which further leads to the
conclusion that consumer ¢ dominates the market with a strictly positive probability by Theorem

2. Importantly, this argument holds irrespective of consumer j’s preference, making consumer ¢ a

26The if and only if condition relies on Assumption 8, which precludes tie cases where i ~; r. Without this
assumption, we will have an almost if and only if condition that R? robustly survives if ¢ >=; r and only if 4 =; r.

2"Here, 7 »; j means that S > Sg, i.e., the correct SEU consumer has a higher survival index than consumer j
when ¢ dominates the market.
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robust survivor. To prove the “only if”’ direction, suppose that r >; ¢. In this scenario, we can
construct a preference R’/ € Z such that: (i) Consumer j locally dominates the rational consumer
r, and (ii) Consumer j’s effective belief becomes correct when she vanishes.?® Lemma 3 implies
that when consumer j dominates, consumer i will act like an SEU consumer. Therefore, (i) implies
that j >; ¢. Similarly, when consumer ¢ dominates, (ii) implies that consumer j acts like an SEU
consumer with the correct belief. Consequently, if r >=; ¢, it implies j >; 4. Since consumer j
dominates consumer ¢ in both neighborhoods, consumer ¢ vanishes almost surely as per Theorem
2. Consequently, consumer i cannot be a robust survivor. The following example uses Theorem 5

to demonstrate how to identify robust survivors.

Example 17. (Robust survivors with HAAA) Consider the case where S = {s1,s2}, mp =
(1/2,1/2), and a consumer with HAAA preferences where

. 1—7 T 7
Vo, =ul(c) +8x ¢ (Exg (VO't;S))’ where ¢ (z) = T <1 — +m) )

For simplicity, let’s suppose m = 0 and § ~ 0. Let us = u(es) denote the utility value of the
aggregate endowment in state s, then effective beliefs are
v—1
ug X 7(s)
1-1/+"
(ZSGS u;/ Xm (8))

From Theorem 5, the preference robustly survives if

VsR (V) = and VR (V) =7 (s).

uwl™t x 7 (s)

(Cesul xm ()17

Elog > Elogmo (s). (10)

Figure 5 visually represents the set of robust survivors, with u; = 1, ug = exp (k) > 1, and the
vertical axis denoting 7 (s1). We see that: (i) robust surviving preferences exist when v € (0, 1), and
(ii) for any v € (0,1), as the aggregate uncertainty increases k — 400, the set of robustly-surviving
beliefs 7 expands to the whole interval [0, 1]. That is, every full-support belief can robustly survive

under some HAAA preference if there is sufficiently high uncertainty.

7.3 Local non-robustness of the MSH

The market selection hypothesis is not only globally but also locally robust within the class of SEU
preferences in the sense that incorrect beliefs can’t survive in the presence of some arbitrarily close
beliefs. In this section, we further show the local robustness property does not extend to the case

of general preferences. To discuss the local robustness, we need to define some distance notion. Let

280ne such example is the smooth ambiguity preferences with decreasing absolute ambiguity aversion and
adequately high prudence with respect to ambiguity, see Guerdjikova and Sciubba (2015).
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Figure 5: Robust survivors with HAAA preferences

V denote a compact set that contains all possible utility values.?? We define

)

n o _ no_ _ /

Dy (R, R') = max ‘R(V) R (V)} and Dy (R, R) Vg\l;zg;es ‘VSR (V)= VR (V)
and define D = max{Dgy, D1}. We adopt metric D throughout this subsection, but all metrics
equivalent to (or finer than) D also work. We believe that D serves as a natural distance notion
as it captures the idea that if two preferences are similar, their utility and marginal utility levels

should also be similar. We introduce the following concept.

Definition 10. (Locally robust dominator) Preference R' € Z locally robustly dominates if
there exists some ¢ > 0 such that for all {Rj }#i e #'~! with

0<D(R/,R") <4, forallj#i,

consumer ¢ dominates P-almost surely in all e-perfected economies with sufficiently small €.

This definition differs from the previous definition of a robust dominator by restricting all other
preferences to be within distance § of R? (but different from R?). In simple terms, preference R’
locally robustly dominates if consumer 7 always dominates the market in the presence of sufficiently
similar preferences. Recall that Theorem 5 states that no preference can robustly dominate. A
natural conjecture is that some preferences might robustly dominate in a local sense. The following

theorem refutes such conjecture.

Theorem 6. Under Assumptions 1 to 10, there is no preference R' € % that locally robustly

dominates.

u®) where € is maximum

291t is well-defined because the endowment is bounded, e.g., we can let V = [0,v] withT = 5

level of total endowment.
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Theorem 6 asserts that no preference can robustly dominate in a local sense. Specifically, if R’
is the expected-utility preference with correct belief, Theorem 6 implies that there exists another
preference arbitrarily close to it that prevents it from dominating the market almost surely, which
shows that the standard result that a correct SEU consumer dominates the market is not robust.

Before explaining the proof, let’s first introduce the concept of locally robust survivor.

Definition 11. (Locally robust survivor) Preference R' € Z locally robustly survives if there
exists some § > 0 such that for all {’Rj }j;éi e #'~! with

0<D(R/,R") <4 forallj#i,

consumer ¢ survives with a P-strictly positive probability in all e-perfected economies with sufficiently

small .

Similarly, a preference relation locally robustly survives if a consumer with those preferences
survives almost surely in the presence of consumers with preferences within some small neighborhood.
Let’s look at the SEU case for a better understanding.

Example 18. (Local robustness with SEU) As in Example 16, we study the preferences that
locally robustly dominates/survives on Zgy. It can be verified that Rg = Er, (V) is also the
unique preference that locally robustly dominates or survives. This is because for any other belief
T # 7, there exists another belief 7 that has a lower relative entropy and can be arbitrarily close
to 7.30 This implies that a consumer with any incorrect beliefs will be driven out of the market
by another consumer with an arbitrarily close belief, so the consumer can’t be a locally robust

dominator or survivor, which shows the local robustness of MSH within SEU.

Next, we discuss how to find preferences that locally robustly survive in a general class of
preferences. A natural conjecture is that we should have a characterization parallel to Theorem
5, where a preference relation locally robustly survives if and only if a consumer with those
preferences locally dominates an expected-utility consumer with some local belief. However, the
characterization turns out to be very different from Theorem 5. To present the characterization,

we introduce the following concepts.

Definition 12. Preference R’ € Z is effectively uncertainty neutral if
Elog [V,R' (V')] = Elog [V,R' (V')], (11)

and is effectively uncertainty favored (or unfavored) if the L.H.S. of (11) is less (or greater)
than the R.H.S.

30For example, we define # = (1 — ) 7 + emo where ¢ € (0,1). The strict convexity of the relative entropy implies
that

I(7) < (1—e)I(n)+el(m)=(1—e)I(r)<I(n),

so 7 has a smaller entropy and can be arbitrarily close to 7 if we take e sufficiently small.
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(a): uncertainty favored (b): uncertainty unfavored

Figure 6: Locally robust survivor

In simple terms, R’ is effectively uncertainty neutral if the effective beliefs when i dominates
and when ¢ vanishes have the same relative entropy, i.e., the same survival index. FEffectively
uncertainty-neutral consumers can be loosely thought of as SEU consumers. This is because with
discounted SEU preferences, effective beliefs are allocation-independent, so (11) always holds; in
contrast, in most cases with non-expected utility, effective beliefs are allocation-dependent, and are
often different when a consumer bears all uncertainty compared to when she bears no uncertainty.
In cases where the effectively uncertainty neutrality is absent, we refer to a consumer as effectively
uncertainty favored (or unfavored) if their local survival index is greater when they consume all

the endowment compared to when they consume nothing.

Theorem 7. Suppose that |I| = 2. Under Assumptions 1 to 10, R € Z locally robustly survives

if and only if it is not effectively uncertainty neutral.3!

By Example 18, we know that an expected-utility consumer with any incorrect belief can’t
be a locally robust survivor. However, Theorem 7 presents a sharp contrast by showing that a
consumer with any preference that is not effectively SEU (i.e., effectively uncertainty neutral) is
a locally robust survivor. Theorem 7 establishes that for a class of general preferences, the local
selection result with SEU preferences represents a knife-edge case. Furthermore, it suggests that
the co-existence of consumers seems more robust—ewvery consumer who is not effectively neutral

towards uncertainty can robustly survive at least in a local sense.

Sketch of the proof of Theorems 6 and 7.

We'll begin by discussing how to prove Theorem 6. For each R! € Z, there are three possibilities:
R can be effectively uncertainty neutral, favored, or unfavored. We will demonstrate that R? does
not locally robustly dominate in any of these cases.

(i) R' is effectively uncertainty favored. In this case, for all preferences sufficiently close

to R?, the local dominance pattern is depicted as Figure 6 (a), where every consumer locally

31The "only if" direction doesn’t require |I| = 2 and can hold for arbitrary number of consumers. The "if" direction
requires |I| = 2, but later we show that a qualitatively similar result holds in economies with arbitrary number of
consumers (see Corollary 1).
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dominates all other consumers. According to Proposition 3, every consumer dominates the market
with a strictly positive probability. Therefore, R? can’t locally robustly dominate.

(ii) R is effectively uncertainty unfavored. In this case, for all preferences sufficiently
close to R?, the local dominance pattern is depicted as Figure 6 (b), where every consumer is
locally dominated by all other consumers. Proposition 3 implies that no consumer can dominate
the market. This, in turn, implies that R’ cannot locally robustly dominate.

(iii) R’ is effectively uncertainty neutral. In this case, we can construct a preference R/

arbitrarily close to R’ that prevents i from dominating the market. One example is given by:
RI=(1-06) R+ oRE,

where VRF has a lower entropy than VR’ at v (roughly, we can think of it as k > i). Under this
construction, for all 6 > 0, we can show that j >~; ¢ in some e-perfected economy for any € > 0, so
R can’t locally robustly dominate the market.

The proof of Theorem 7 follows directly. Here, we focus on explaining the "if" direction. As
explained above, we have two cases: (i) When R is effectively uncertainty favored, every consumer
dominates the market with a positive probability, so R’ locally robustly survives; (ii) When R’ is
effectively uncertainty unfavored, every consumer is locally dominated by all other consumers. In
the case of |I| = 2, each consumer survives almost surely as per Theorem 2. Therefore, R? locally

robustly survives as well.

Note that the "if" part of Theorem 7 requires |I| = 2. This limitation arises because our
characterizations are less comprehensive for multi-consumer cases. Specifically, when R’ is effectively
uncertainty-unfavored as shown in Figure 6 (b), our characterizations don’t provide information
on which consumer survives. Therefore, we remain agnostic about whether 7 is a locally robust
survivor. However, we do know that at least two consumers coexist on every path, allowing us to

establish a weaker but qualitatively similar property.
Definition 13. (Locally robust co-survivor) Preference R’ € #Z locally robustly co-survives if
for all § > 0 and {RJ} e #'1 with
JFi
0< D (R, R") <46, forallj#i,
there are at least two consumers surviving with a P-strictly positive probability in all e-perfected
economies with sufficiently small ¢.

In simple terms, if some preference locally robustly co-survives, then for consumers with
preferences in any small neighborhood around R‘, there are at least two consumers who can survive
with a strictly positive probability. In other words, no preference can always dominate the market

in any neighborhood around R?. We have the following corollary.

Corollary 1. Under Assumptions 1 to 10, R* € X locally robustly co-survives if it is not effectively

uncertainty neutral.
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Corollary 1 indicates that multiple consumers can survive in any neighborhood around any
preference that is not effectively uncertainty neutral. In other words, local co-existence is densely
spread throughout the general preference space. From previous discussion, the local co-existence
can take two forms: When i is effectively uncertainty favored, multiple consumers dominate with

positive probability; when ¢ is uncertainty unfavored, multiple consumers co-exist on every path.

8 Robust Survival and Uncertainty Attitudes

In the last section, we showed that a preference can robustly survive if and only if it locally
dominates the SEU preference with correct belief. Although this condition tightly characterizes
robust survivors, it is not obvious what it means in terms of properties of preferences and its
implications on consumers’ decisions. This section provides an intuitive condition implied by the

robust survivor property that can be directly related to consumers’ attitudes towards uncertainty.

Definition 14. R’ displays decreasing (increasing, constant) absolute uncertainty aversion

if k —RY(V + k- 1) is a decreasing (increasing, constant) function of k € R.

Intuitively, k — R¥(V 4+ k- 1) is a measure of the utility loss due to the presence of uncertainty
V. When the loss in utility decreases with k, we say the preferences display decreasing uncertainty
aversion. The definition above is equivalent to decreasing absolute risk aversion for the case of
subject utility preferences (see Proposition 6.C.3 in Mas-Colell et al. (1995)) and to decreasing

ambiguity aversion for the case of smooth ambiguity preferences (see Klibanoff et al. (2005)).32

Lemma 4. Suppose Assumption 2 holds and R® displays decreasing (increasing, constant) absolute
uncertainty aversion. Then, >, VsRY(V) > (<,=) 1.

To gain intuition, recall that in the case of pure risk, decreasing absolute uncertainty aversion
implies a precautionary saving motive (see Kimball (1990)) and, therefore, that the consumer’s
marginal utility of a certain future income is greater in the presence of uncertainty than in its
absence as in Leland (1968).3% In our more general case with uncertainty, decreasing uncertainty
aversion implies that the marginal utility of a constant continuation value in the presence of
uncertainty, > .V R(V), is greater than its marginal utility without uncertainty, > V R(k - 1),
which is equal to 1 (see Lemma 3).

In Example 13, preferences display constant uncertainty aversion, so effective beliefs always add
up to one. In Example 14, instead, preferences exhibit decreasing absolute uncertainty aversion,

and it can be verified that effective beliefs add up to more than one.

Proposition 4. Under Assumptions 1 to 10, if R* displays increasing absolute uncertainty aversion,

then it can’t robustly survive.

321t is easy to see that decreasing uncertainty aversion implies the certainty equivalent is constant superadditive,
ie. R(V+k-1) >R(V)+k for all k > 0 (see Cerreia-Vioglio et al. (2022))

33For the case of ambiguity, Berger (2014) and Osaki and Schlesinger (2014) find conditions such that decreasing
absolute ambiguity aversion implies a precautionary motive as well.
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Intuitively, Lemma 4 implies that with increasing absolute uncertainty aversion, the sum of
effective beliefs is less than 1 in the presence of uncertainty, so consumers become endogenously less
patient. Therefore, consumers with such preferences can’t locally dominate a more patient consumer
with correct SEU preferences, and hence by Theorem 5, those preferences can’t robustly survive.
Proposition 4 therefore implies that robust survival requires preferences to exhibit decreasing
absolute uncertainty aversion in some sense.?* In Example 17, robust survival occurs when v €

(0,1), which is the region where preferences exhibit decreasing absolute uncertainty aversion.

Remark 3. It is worth noting that albeit being necessary, decreasing absolute uncertainty aversion
is not sufficient to guarantee robust survival. In general, robust survival can rely intricately on
other properties of the economy. As in Example 17, robust survivors only exist for particular beliefs

and endowments when v € (0, 1).

9 Literature Review

The MSH has been extensively analyzed for the case of consumers with SEU preferences. Sandroni
(2000) and Blume and Easley (2006) were the first to analyze formally the MSH in a general
equilibrium model with complete markets where agents make optimal intertemporal plans. They
consider the class of SEU preferences and show that among consumers with the same discount rate
and bounded endowments, survival depends only on the accuracy of beliefs as measured by their
relative entropy. Yan (2008), Cvitani¢ and Malamud (2011) and Kogan et al. (2017) extend the
analysis to the case of unbounded endowments.?® These papers, however, left open the question of
whether the MSH is an intrinsic property of optimal plans made by consumers with correct beliefs
or it is due to the ancillary restriction to SEU preferences.

Some recent works on the MSH show that consumption dynamics can actually be quite different
with non-expected utility preferences. Those papers mostly focus on market selection across only
one dimension of heterogeneity: (i) preferences heterogeneity while holding beliefs fixed, or (ii)
beliefs heterogeneity while holding preferences fixed. Guerdjikova and Sciubba (2015) focus on
market selection across preferences in the presence of recursive smooth ambiguity preferences.
Their setup is closest to this paper in that they also consider a discrete time, stochastic exchange
economy with complete markets. Besides, they also study the consumption dynamics implied by
the consumers’ first order conditions using effective beliefs and discount rates.?® They analyze the
case of two consumers with correct beliefs and heterogeneous preferences: one with SEU, the other

with smooth ambiguity preferences. They show that if absolute ambiguity aversion decreases fast

34Tt can be shown that if preferences display decreasing absolute uncertainty aversion in a local sense, then they
can survive robustly.

35Some alternative setups have been studied, for example incomplete markets (Blume and Easley (2006), Beker
and Chattopadhyay (2010), Coury and Sciubba (2012), Cao (2017) and Cogley et al. (2014)), continuum of agents
(Massari, 2019) and asymmetric information (Mailath and Sandroni, 2003). Cogley and Sargent (2009) study the
quantitative effect of the MSH on asset prices

36Their definitions of effective beliefs and discount rates are different from ours. They normalize effective beliefs
to ensure that they add up to 1 and include the normalizing term in the effective discount rates.
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enough, then the ambiguity averse consumer can drive the SEU consumer out of the market. Their
finding lets us conjecture that the selection results within the SEU class of preferences may not
be robust to the introduction of other preferences. Our general analysis forcefully shows that such
conjecture turns out to be correct.

Dindo (2019) and Borovicka (2020), instead, mainly focus on market selection across beliefs
as their consumers have homothetic Epstein-Zin (EZ) preferences but heterogeneous beliefs.?”
Technically, both papers employ a local approach to study consumption dynamics, which is in a
similar spirit to this paper’s approach. Both papers found that consumption dynamics can exhibit a
variety of patterns absent in the discounted expected-utility framework, and specifically, consumers
with incorrect beliefs can survive in the long run. In particular, Dindo (2019) considers the case
of multiple consumers but within the special class of preferences that contain either homothetic
EZ preferences with unit elasticity of intertemporal substitution or SEU with constant relative risk
aversion; Borovicka (2020) considers the case of two consumers with identical arbitrary homothetic
EZ preferences. They both allow endowments to be unbounded, which is one feature different from
this paper, making some of our results not directly comparable to theirs.?®

Although a framework to analyze the MSH must allow for rich belief heterogeneity, it must
simultaneously allow for rich heterogeneity of preferences as the MSH is a preference-neutral
statement. We believe the general recursive preferences consider in this paper represents the
current state of the art in terms of intertemporal preferences. Different from the previous literature
described above which predominantly focuses on market selection along a particular dimension of
heterogeneity and within a particular class of preferences, this paper attempts to provide a unified
framework that allows simultaneously for heterogeneity on the two dimensions and enables us to

examine the validity of the market selection hypothesis in its most general form.

10 Conclusion

We provide a unified framework to study the dynamics of competitive equilibrium consumption
when markets are complete and consumers’ preferences belong to a general class of recursive
preferences, nesting both expected-utility and many common non-expected utility preferences as
special cases.

Using this framework, we study the robustness of the market selection hypothesis. Sandroni
(2000) and Blume and Easley (2006) show that among consumers with SEU, those with correct
beliefs dominate the market. Their analysis, however, did not clarify whether this is a property of
optimal plans made by consumers with correct beliefs trading in complete markets or it is due to
the additional restriction to SEU preferences. Thus, to study whether that property is robust to

the introduction of more general preferences, we considered economies with a rich class of recursive

3"Dindo (2019) provides an example where one consumer has SEU with CRRA (although CRRA preferences can
also be seen as a particular case of the homothetic EZ class).

3Dindo (2019) studies competitive equilibria dynamics in a discrete-time model, whereas Borovicka (2020) studies
Pareto optimal allocations in a continuous-time model.
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preferences. We first characterize when a consumer can robustly survive globally, that is against
any combination of consumers with arbitrary preferences in that class. We show that a consumer
robustly survives if and only if, except for tie cases, the consumer locally dominates an SEU
consumer with correct beliefs. We use our characterization to show there is no preference relation
that robustly dominate the market. Later we consider whether a consumer can robustly survive
locally, that is against some other consumers with arbitrarily close preferences. We show that any
consumer who is not effectively uncertainty neutral is a locally robust survivor. Thus, the local
selection result that holds for SEU preferences represents a knife-edge case. Our local and global
robustness analysis lets us conclude that, in sharp contrast to the case of SEU, the existence of
multiple survivors is the robust long-run outcome when the class of preferences is rich enough.
Our results underscore that there is an inherent tension between the efficiency of competitive
equilibrium allocations and the concept of rational expectations equilibrium. Therefore, we give
a novel foundation for the idea put-forward by the behavioral finance literature that some irrational
behaviors, i.e. incorrect beliefs, can have long-run effects on asset prices. Contrary to the conventional
wisdom in economics, we show there is no need to assume the presence of market frictions for such
irrationality to have a persistent effect on asset prices in a world with sufficiently rich preferences.
Although we consider general preferences, we have limited ourselves to deviations from expected
utility that keep the time consistency property. The relevant case of time-inconsistent preferences
is left for future work. Similarly, this paper considers the case of complete markets but one could
also use the local approach developed in this paper to deepen our understanding of the dynamics

of consumption in incomplete markets economies.
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A  Proofs

A.1 Proof of Proposition 1

Proof. Since (c,p) is a competitive equilibrium, then ¢! € C must solve consumer 7’'s maximization
problem and, therefore, it must satisfy the one-deviation property. That is, for all oy € ¥; and all

t, c(oy) and {c(0¢,s) : s € S} must solve the following problem

max FZ( (01),Re (Fz( (Utv s), Rzz;-s-l (Vtz—s—Z))))

s.t. p(oy)x at—l—Zp ot,5) X x (0r,5) < p(or) Jt+2p ot,S) X c(0t,s),
seS seS

z(0y),x (o, 8) > 0.

Since Assumptions 1 and 2 hold, then p (o¢) > 0 and ¢’ (o4) > 0 for all o3 and all 4. So the constraint
qualification holds and there exists a Lagrange multiplier X’ (0;) such that (¢ (o¢), A’ (0¢)) must
satisfy the following FOC:

X (o) p(o1) =F} (' (00) , Ry (Vi)

X (a0)p (o1, 8) =F5 (¢ (00) , R (Vi) %

Therefore, we must have

0ty S Fi (¢t (o, s R (V; R} o o
e o Rt e x P L)

A.2 Some Useful Results for the Proof of Theorem 1

The economy has countably many commodities, so we can use the following theorem due to Bewley

(1969) to establish the existence of a competitive equilibrium in our economy.?”

Theorem 8. Let E:(C7 (Ci, =iy ei)iel) be an economy which satisfies the following:
1) C = Loo(B, B,v) where (B, B,v) is a positive measure space.
2)Vi,C; = x; + K, where K = {c € C: ¢ > 0} is the positive cone of C.
3) Vi, e; > x5,
4) Vi, the pre-order =; is
(a) Mackey continuous: for each ¢ € C;, the sets {c € C;:c=;c} and {c € C; : ¢ <, ¢} are
closed in C; with respect to the Mackey topology for the dual pair (Lso, L1),

39The existence theorem in Bewley (1969) focuses on an exchange economy, which can be directly applied here.
See Bewley (1972) for an existence theorem that includes production as well.
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(b) weakly convex: for each c € C;, the set {c € C; : ¢ =; ¢} is conver.
(c) strongly monotone: ¢ € C; and k > 0 implies that c + k =; c,
(d) complete: if c1.co € C, then either ¢y =4 ca or ca =; c1.

Then E has a competitive equilibrium.
Next, we introduce the following definitions used by Marinacci and Montrucchio (2010).
Definition 15. F' is vy-subhomogeneous if there exists some v > 0 such that
F(a"z,ay) > oF (z,y)
for all @ € (0,1] and all z,y € Ry.
Definition 16. F is a Thompson aggregator if F (x,0) > 0 for all x > 0, and
F (z,ay) > aF (z,y) + (1 — a) F (z,0)

for all & € [0,1] and all z,y € R;.

Definition 17. R is subhomogeneous if Ry (aVir1) > aR¢ (Vi) for all a € [0,1], ¢ > 0 and all
adapted process V = {V; : t € T}.

An example of a certainty equivalent function that is subhomogeneous can be found in Example

1. The following fact is easy to verify.

Lemma 5. Under Assumptions 1, 4 and 5, F' is a Thompson aggregator and ~y-subhomogeneous,

and R is subhomogeneous.

Proof. (i) Thompson: From Assumption 1, F' > 0 and Fy, F» > 0, we must have F (z,0) > 0 for all
x > 0; the second condition comes from concavity of F i.e., Assumption 4. (ii) y-subhomogeneous:

The concavity and non-negativity of F' implies that
F (az,ay) > aF (z,y) + (1 —a) F(0,0) > aF (x,y),
then we simply let v = 1. (iii) Similarly, R is subhomogeneous because
Ri(aViq1) 2 aRye (Vig1) + (1 — @) Re (0) = aRe (Vigr)
where the first equality comes from concavity, and the second comes from non-negativity. O

A.3 Proof of Theorem 1

Let ¢ € LL be a consumption plan and 7 : LT — L be the operator given by
T(V)=F(¢,R(V)), (12)
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where LT denotes the set of non-negative adapted processes. That is, for all t > 0, T; (V) =
F(ct, Re(Viy1)). For a fixed consumption sequence ¢ € L, let T be the operator defined in (12).
The next lemma shows the existence of a unique V¢ € LT that solves V = T¢(V) and that the

mapping c — V¢ is continuous in the product topology.

Lemma 6. Under Assumptions 1, 2, 4 and 5, there exists a unique V¢ € LT that solves equation

V =T¢V) and the mapping c — V is pointwise continuous in the product topology for all t > 0.

Proof. The existence and uniquenss follows from Theorem 1 in Marinacci and Montrucchio (2010).
We only need to show that property (ii) in their Theorem 10 holds as properties (i) and (iii) are
not affected by our assumption that F'(0,0) > 0. By Assumption 4 there exists y* such that
F(lle|losy") = y*. Let X € [0,Y*] where Y;* = y* for all t > 0. Let o = % and 8 = 1. Note
that a > 0 and y* > 0 by Assumption 4 and 8 > 0. Note also that:

aY*=F(0,0)1 < F(c,001=T(0) <Y* =pY"

where 1 € LT is the sequence of ones, the first inequality follows because F increases in its first
argument by Assumption 1. It follows that property (ii) holds.

The continuity of the mapping ¢ — V,° in the product topology follows from Theorem 6 in
Marinacci and Montrucchio (2010). To conclude the proof we verify that the assumptions of their
Theorem 6 hold. Note that F' is continuous by Assumption 1; besides, it is Thompson and -
subhomogeneous by Lemma 5. For every consumption plan ¢ € L, their condition (17) becomes
lim 4o F'(1,%) /t < 1. This is satisfied because: (i) by Assumption 4, there is some y such that
F (1,y) =y, and (ii) by their Lemma 1, F (1,t) /t is strictly decreasing. Again, we know that R’ is
subhomogeneous by Lemma 5. The continuity and monotonicity of R} implies that: (i) Vi T Vi
implies R} (V%1) T R} (Viy1) for every ¢, and (i) V™ — V implies R} (V%) — R} (Vi41). So the
hypothesis for their Theorem 6 are satisfied. O

Lemma 7. Under Assumptions 1 and 2, »=; satisfies strong monotonicity.

Proof. Suppose that ¢ > ¢/, that is, ¢ (o) > ¢/ (0y) for all oy € Xt and t > 1. For all T > 1, we
define

t<T
T (o) = clo) 1T o est (13)
d(oy) t>T

C

Since F is increasing in its first argument, then we have that for every op € X7:

Vor () = F' (¢! (o), Ry (Vs (¢1)))
= F" (¢! (o0), Ry (Vi1 (<))
> F'(d (or) , Ry (Vria (¢))) = Vi (). (14)
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Similarly, for all o7_; € 271, we have

Vi () = F (S (orm) Ry (Ve (1)

= P (or-1), Ry (Ve (<)) = Var, ()

where the inequality comes from (14), the monotonicity of F' in both arguments by Assumption 1

and because R’ is increasing in continuation utilities by Assumption 2. By induction, we have
] T ; /
Vao (¢7) 2 Vg, (<) -

Notice that as ' — +oo, we have ¢!’ — ¢ in the product topology.“’ VUiO is continuous in product

topology, so we have
4 ) - o
Vi, () = Jim Vi, (") 2 Vi, ().

which proves that >=; satisfies weak monotonicity, that is, ¢ > ¢ implies ¢ =; ¢/. To prove the

strong monotonicity, we note that for any k£ > 0, we have

Vjo (c+ k)= F (c (00) + k,Rg (Vi(c+ k‘)))
> F' (c(00), R (Vi (¢ + k)))
> F' (c(00), R (Vi (¢) =V, (¢) 4

where the strict inequality comes from F} > 0 and the weak inequality comes from the weak

monotonicity of >; shown above. O

Remark 4. Lemma 7 shows that 14 is monotonic in ¢. From the proof, it is straightforward that

V; is monotonic in ¢ for all ¢ € T, that is, if ¢ > ¢’ from time ¢ on, then we have V;(c) > Vi(c/).
Lemma 8. Under Assumptions 1, 2, 4 and 5, =; satisfies weak convexity.

Proof. Suppose that ¢ # ¢ , ¢ =; ¢, and a € (0,1). Again, we define ¢’ as in (13), and the

concavity of F' implies that for all o7 € X7, we have

Vi (ac’ + (1 —a)d) = F' (ac (o) + (1 — @) & (or) , Ry (Vi1 ()
> aF (" (or) , Ry (Vs (<)) + (1 = @) F* (¢ (o7) , Ry (Vg (€)))
=aVl (") +(1-a) Vi (¢) (15)

oT

49T hat is, lim7 4 o [|7e (CT) — 7 (¢) ||oc =0 for all ¢t > 1, where 7, (¢) denotes the time-t projection of c.
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For all o7_1 € 71 we have

Voo, (acm + (1 —a)c)
=F" (ac” (or-1) + (1 = a) d (o7-1) , Ry (Vi (ac” + (1 - a)))) (16)
>F' (ac” (or-1) + (1= @) ¢ (o7-1) , aRp_y (Vg (1)) + (1= @) Ry (Vg (€))) (17)
>aF" (" (or-1), Rip_q (Vap (")) + (1 =) F* (¢ (o7-1) , Ry (Vi (¢))) (18)
—aVi (D) +(1—a) Vi, (),

where (17) follows from (15) and the monotonicity and concavity of R%_, and (18) comes from

the concavity of F*. By induction, we have
Vgio (acT +(1-a)d)> aVUiO (CT) +(1—-a) Vofo ().

Again, since ¢! — ¢ in product topology and V? is continuous in the product topology, we must
have
Vi(ac+(1—a)d) >aV) (c)+(1—a)V} (),

which proves that > is convex. ]

Proof of Theorem 1

Proof. Let B =% xT , B=F®2T and v = P® \, where \ is the counting measure on (T, ZT).
Conditions (1) and (2) in Theorem 8 hold as C; = LI (B, B,v) for all i € I. Condition (3) follows
by our Assumption 3. Lemma 6 shows preferences are continuous in the product topology. Since
the product topology is coarser than the Mackey topology, it follows preference are continuous
in the Mackey topology as well and so (a) in condition (4) holds.*'. Finally, Lemmas 7 and 8
show preferences are strongly monotone and weakly convex, respectively, and so (b) and (c) in
condition (4) hold. That (2) holds follows from Proposition 1 and the existence of a competitive

equilibrium. O

A.4 Proof of Lemma 1

Proof. The proof consists of the following four steps.

Step 1: We show that Ri( ti+1) belongs to a compact set almost surely. Let € = I x M
denote an upper bound of the aggregate endowment. Denote by o' = ess SUp, ¢ |Vjt (€)| and by
v' = essinf,y |V, (0)]. From Lemma 7 (and Remark 4), we know that V, (¢) is monotonic in ¢, so
Vi, (¢) € [VZ, (0),VZ, ()], and hence Vi € [v',7'] = V' P-almost surely. As a consequence,

s Yoy

Ri (Vi) € [Ri (o), R (@)] = [, 7] =V P—a.s,

“See Lemma 2.48 in Aliprantis and Border (1999)
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which comes from the monotonicity of R: and the fact that R (k-1) = k. By assumption,
Vi(c) € LL forall ¢ € C, s0 0 < v* < 7' < oo, and hence V' is compact.

Step 2: We show that F} (¢’ (oy),Ri(V/,)) is almost surely bounded away from 0. Let
C = [0, €], which is the feasible set of consumption. From Assumption 1, F} : C x V' — (0,400] is
continuous and hence lower semicontinuous. Using the generalization of the Weierstrass’ theorem
to lower semicontinuous function where 400 is allowed as a value (see Lemma 2.40 in Aliprantis
and Border (1999)), we know that F} obtains its minimum on C x V¢, so there exists some f; > 0
such that F} (¢’ (o1), Ry (Vi1)) > f1 almost surely.

Step 3: We have LY (0¢) — +oo almost surely implies FY (c* (0¢) , R} (V/,1)) — +oo. This is a
direct implication from Step 2.

Step 4: We show that F} (¢’ (0¢), R} (V1)) — +oo almost surely implies ¢ (5;) — 0. Suppose
not, then on a positive-probability set of paths, we can find an € > 0 and an infinite sequence
{c (Utk)};il such that ¢’ (oy,) > € for each k. Let C. = [¢, €], and we have

Fi (' (o4,),Ri, (V1)) € max  Fi(¢,R)<+oc0 Vk, P—as.,

(¢,R)EC: x V?

where the maximum can be obtained since F} : C. x V' — (0,+00) is a continuous function

on a compact domain, and hence the standard Weierstrass’ theorem applies. However, this fact

contradicts F} (¢ (o¢) , R (Vi1)) — +o0, so we must have ¢’ (o¢) — 0. O

A.5 Discussion on Assumption 7

Below is a condition on exogenous variables that is sufficient for Assumption 7 to hold.

Proposition 5. Suppose there exists some M € (0,1) such that for alli € I and t € T, we have

J
max ViR (V)

su P s—
D15 VR (V)

Vey

<M for somes €S,

where V denotes a compact set containing all possible utility values. Then, Assumption 7 holds

Proposition 5 says that one sufficient condition for Assumption 7 to hold is that there exists
some state s € S at which every consumer’s effective belief is sufficiently different from other

consumers.

Proof. By definition, we have

vsRi (V;f-l-l)

max L, < max L x max S oFs x max DY (o))
J#i J# i#i VeRE (Vig1)  5#
< mixLéj X M xd when s;11 =s,
JF
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where d < oo denotes the upper bound of D7, Let M < 1/d. It is easy to see that when
maxﬁglL < L, then after K = {log L/L —‘ realizations of state s, we have max;; LﬁrK < L, so
Assumption 7 is satisfied. O

To get a more concrete idea, we employ Proposition 5 to provide conditions for smooth ambiguity

preferences below. Other preferences can be discussed analogously.

Example 19. (Smooth ambiguity preferences) Suppose that consumers have smooth ambiguity

preferences with i.i.d. beliefs,
Vi(e) = uler) + 8 x ¢ (Bud [Er (Vira (c))]).

Denote by m = min; i’%v;’ M = max; z,’-(%) and d = 2;1(1 %l , where V and V denote the lowest

and the highest possible utility levels. If for all i, we have

7 (s) m
max — < — xd for some s € S, 19
j#i m(s) M (19)

where 7’ (s) = 3" u' (m) x 7 (s), then Assumption 7 is satisfied.

A.6 Auxiliary Results

Recall from (3) that consumption dynamics are determined by
L7 =LY x BY (04, 5141) x D7 (0y).
To characterize the dynamics, it is more convenient to consider a modified process {L J } i where
L, = LY x B7 (04, 8041) x D7 (04, 8141) -

We first notice that these two processes are comparable in the sense that their ratios are uniformly
bounded.

Lemma 9. (Comparability) There exists 0 < o« < 8 < 400 such that o < Lij/f/ij < B for all
t>1.

Proof. By definition, we have

LV (o) [y B (0r41) X D7 (07) _ D¥(ay)
Lii (o) TIiZh BY (0r41) x Dii (0,41) DI (00)’

Note that .
F (c(a) R (VtJ_H))




because consumption and utility are bounded, and F € (0, +00) and is continuous. So, there exists

0 < d < d < +oo that bound D¥ from below and above, which proves the lemma. ]

Lemma 10. (Continuity) For alli,j € I and t € T, and € > 0, there erists a uniform L € R,
such that
LV>T = |V} -Vi<e.

Remark 5. Lemma 10 says that when the (modified) marginal utility ratio between 7 and j becomes
very large, the continuation utility of ¢ at time ¢ becomes very close to the utility of consuming

zero forever.

Proof. First, note that V}' is continuous in product topology by Lemma 6, so for all ¢ > 0, there
exists some K € N and ¢ > 0 such that

max max cj(w) <e= [V -V <e. (20)

Second, we can show that fixing € > 0 and K € N, there exists some Lo € R, such that
min {Lij, ...,LiiK} > Lo = max {c}, ...,cl g} <e (21)

This comes from the fact that for all 7 € T,

LY > Lo= F} (¢, RL) > Lo x F} (,R3),
and
F] (¢,R%) > min {F{ (e,V):Ve vj} = Fl >0,

where Y/ = [Kj , Maxg Vi} stands for the set of possible utility values for consumer j. Note that
RL € V' has a compact range, and F? satisfies the Inada condition, so we can choose Lg sufficiently
large such that

Fi (L, RL) > Lo x F} = ¢ <e,

which proves (21). Lemma 9 then implies that there exists L such that

min {17, L, b > T min { LY, . LY } > Lo, (22)

so Lemma 10 is proved after combining (20), (21) and (22). O
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A.7 Proof of Proposition 3
A.7.1 Proof of Proposition 3 (i)

Lemma 11. When j »=; i, there exists L < oo such that for all t € T, we have
P(li;i < L, for some T > t|L;" >f) =1, (23)

where L™ (0y) = ming L¥ (o).

Remark 6. I:; ‘e (f, —I—oo) means that consumer i almost dominates the market, so Lemma 11
says that if consumer 7 is locally dominated by another consumer, then i can’t dominate the market

with positive probability.

Proof. Suppose (23) doesn’t hold, then there exists ¢ € T and corresponding o, such that for all
L < oo, we have
P (i;i > T, forall 7> t|L77 > f) >0, (24)

i.e., consumer ¢ remains her dominant position in all future periods. From Lemma 10, we can
choose L sufficiently large such that whenever f); © > L, V} is very close to V', and V¥ is very close
to V¥ for k # 4. Let the local discount rate ratio and the local belief ratio be defined as

FQJ (0 RI (Vj))
7 (et 7 (7))

which are the effective discount rate and belief ratios between j and ¢ when consumer ¢ consumes

DI (s) = and B (s) = V,RI (/) /V.R! (V). (25)

all the endowment forever. When I:; ¢ > [ for all 7 > t, and when L is very large, the generalized
discount rate ratio, D¥ (), and belief ratio, BY (o), are very close to the local discount rate ratio
DY (s;) and belief ratio BY (s,) for all 7 > t. Formally, for all ¢ > 0, there exists some L < oo

such that for all 7 > ¢, we have

log (i/g—Z-H) = log (IAJ£> + log [B (077 ST+1) D g (077 3T+1)]

< log (fﬂ;) +(1+¢) [log ij (Sr41) D;-j (87—4_1)} .

Taking the limit of the time average, we have

T
. 1 1+e g iy
T—>+ooT— Zlog( T+1) ST1—1>r—{-1ooT—7flOg( )+TE>I£<>0T7—1§ [longﬂ (ST+1)D§1 (ST+1)
k=t

= (1+¢)E [1ogD;.‘j (s,) BY (sT)} —(1+6)(Si-8)<0 P—as.,
(26)

where the convergence comes from the strong law of large numbers, and the inequality comes from
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j =4 i. However, (26) implies that LZ* — 0 almost surely, which contradicts (24), so we must have
(23). O

Proposition 3 (i) then follows directly from Lemma 11, because if i dominates the market with
positive probability, we must have f); ! — 400 with positive probability, which contradicts Lemma
11.

A.7.2 Proof of Proposition 3 (ii)

For some L > 0, we define T" = inf {7’ : ﬁ’; > L}, where ﬁ’T_ = max;£ L. We construct a local

.. . p
martingale m;’ = (L?AT) . That is,

m? x [BI* (0, s¢41) x DI* (o, st+1)]p t<T
m t>T
We present the following facts.

.. .. p
Fact 1. Ifi >, j, then there exists some p > 0 such that E [Bgl (s) x D’ (s)} <1

Proof. Let X (s) = Bg "(s) x Dg " (s), which is a bounded random variable. Then,

X -1 X -1
lim IE( >:E<lim >:E<lim prlogX>:ElogX<0,
p—0+ P p—0+ P p—0+

where the first equality uses the dominated convergence theorem and the second one uses L’Hopital
rule. Since E (%) is continuos in p, there exists p > 0 such that E (%) < 0, that is
EX?P < 1.

Fact 2. If i ~; j, there exists L, p > 0 such that {m?} is a supermartingale.

Proof. Let p satisfy Fact 1. When I:é_ > L, the process is constant, and hence trivially a
supermartingale. Suppose that ﬁé_ < L. From Lemma 10, when L is very small and when
LI~ < L, both B¥ (0y,s) and D7 (04, s) are very close to sz (s) and sz (s). So for all € > 0, there
exists L > 0 such that when t < T, we have

E [mil 7] <mif x (1 +&)E [BY (s) x DI ()]
By Fact 1 we can choose € > 0 to be sufficiently small so that E [mﬁﬂ]—}} < mij when t < T.
Thus, {m? } is a supermartingale. O

Lemma 12. Ifi =; j for all j # i, there exists p > 0 and ¢’ > € > 0 such that for all t € T, we
have
P (ﬁf <& forall T > t)Li~ < 5) > p. (27)

o1



Remark 7. Lemma 12 says that if ¢ locally dominates everyone else, then conditional on i almost
dominating the market, she will maintain the dominating position with a strictly positive probability.
As showed later, this further implies that consumer ¢ will (unconditionally) dominate the market

with a strictly positive probability.

Proof. From Fact 2, {m? } is a non-negative supermartingale, therefore it almost surely converges

to some finite random variable m%, for all Jj # i. We have

IP’(T<oo)§]P(E|j7éi:ng>Lp)SZ]P’(mé{,>Lp)

J#i
EmY Li- g
<y B cuux () 28)
J#FL T -

where the third inequality comes from Markov inequality and the last one comes from the supermartingale
property. Let € € (0,1), (28) implies that

. 1/p
P(T:oo|ng<I€_l> L>>1—e>0. (29)

A . .. o0
For all t € T and L;~, we construct a stopped process {mﬁk}k that starts from time ¢ and
0

applying the same arguments.*> Then, we have

. . 1/p
IP’(L:_SLforalszt\Li_§<Iil> L>>1—6, (30)

1/p
so the lemma is proved by setting € = (151) L =Landp=1-—c O

Next we show that Lemma 12 implies that consumer ¢ will dominate the market with a strictly

positive probability. First, Assumptions 7 implies that for all ﬁé‘ < 00, there exists some t € T
1

Iy /p
such that Ly~ < ( Ii1> L happens with a strictly positive probability. Therefore, (30) implies

that there exists some 6 > 0 such that

P (ﬁi* < Lforall 7> t) > 4. (31)

The martingale convergence theorem and (31) imply that I:z] converges to some limit LY e [0, L]
with a strictly positive probability for all j # 4. Assumptions 6 and 7 imply that the limit can
only be LY =0 (otherwise I:;J can always drift away from LY with a probability bounded away
from 0, and hence unstable). So, (31) is equivalent to that consumer i dominates the market with

a strictly positive probability.

“2Formally, define T = inf {T : ﬁ:rt > L} and mﬁ_k = (i/iimin{k,T})p'
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A.8 Proof of Theorem 2

Proof. (i) Suppose that i >; j and i >; j. From i >; j and Lemma 11, we know that for all ¢ € T,
P(ﬁ? < L for someTZt‘ﬁij >f> =1. (32)

Assumption 7 imply that there exists d > 0 such that for all t € T,

1/p
s € N .
P<L?+KS<I—1) LL;JSL>>5. (33)
From (29), ¢ >; j implies that for all t € T, we have
e\
P L;JgLforauth}L?§<“> L|>1-¢>0. (34)

Denote by £ = U2, {ﬁ? < L forall t> k} Combining (32), (33) and (34), we know that for all
t € T, we have
P(E|F) > (1—€)d >0,

which further implies that P (E) = 1 by Levy’s 0-1 law, i.e., [Aéj will be trapped below L eventually
with probability 1. We can choose L to be arbitrarily small, so we must have I:ij — 0 almost
surely, which implies that CZ — 0, i.e., consumer j vanishes and consumer i is the only survivor.
(ii) Suppose that i >; j and j >; i. Proposition 3 implies that both i and j dominate with zero
probability. That is, they survive simultaneously with probability 1.
(iii) Suppose that ¢ >; j and j >; i. Proposition 3 implies that both i and j dominate
with a strictly positive probability. We define E! = Upzy {I:? < L forallt > k:} and FJ =

Uz, {I:? >1/L for all t > k} Following the proof in case (i), there exists some p > 0 such
that for all £ € T, we have

P(E'UFE|F)>p=P(E'UE) =1
Similarly, because we can choose L to be arbitrarily small, it implies that
P({L¥ > 0fu{L¥ = +oc}) =1=P({d >0} u{g—0}) =1

That is, with probability 1, one of the two consumers will dominate the market. Besides, both
E' and E’ occur with a strictly probability by Proposition 3, so both P (cz — O) and P (cff — 0)
occur with a strictly positive probability. O

o3



A.9 Proof of Theorem 3

Lemma 13. There exists some p > 0 and &' > ¢ > 0 such that for all i with U; # () and all t € T,

we have

P maXL U
JjeU;

Li- ) > p,

whereT:inf{T>t L’_>€}

Remark 8. Lemma 13 improves Lemma 11. Recall that Lemma 11 says that if there is a consumer
j such that j >; i, then ¢ can’t dominate the market. Lemma 13 further says that when consumer
1 almost dominates the market, her dominating position will be destroyed by some other consumer
j such that j >; i (i.e., the marginal utility consumption of i increases relative to some j € U; and

falls outside of the dominating neighborhood).

Proof. For allt € T and given that f/i_ < g, then we define a stopping time T" = inf {T >t ﬁlf > 8/},

where ¢/ > & > 0. For all i and j, define a stopped process mt e = (L” ) . Fact 2 shows

min{t+k,T}
that there exists p,&’ > 0 such that {mﬁ_k} is a supermartingale, and hence converges to some

limit m . Doob’s optional stopping theorem implies that
~:\ P .. N
el > (L?) >E (m?ol}"t) > ()P x P{rcoo) (L;Z > 6/’.7'—15) )

Therefore, we have

.Ft) S Z P{T<oo} (izjz 2 6/

JED;

E\P
)<1(5)" (35)
Suppose that U; # 0, then Lemma 11 implies that P (T = co) = 0, that is,*3

):1

P{T<oo} (maXL J > e

P <ﬁiT* > ¢!

o (35) implies that

P <]Hé%XL I > ]]—}) (;)p
ft> >1-1(5) (36)

Here, we choose ¢ sufficiently small relative to €’, so the probability on the R.H.S. of (36) is strictly

—P <maxL J > ¢!
jeU,

positive, which implies the lemma. ]
43Recall that ﬁ’f = #
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Lemma 14. For all € > 0, there is some q > 0 such that for all i € T with U; # 0 and all t € T,
we have
P (UjeUi {127 < ¢ for some T > t} |Li~ < 5) > q. (37)

Remark 9. Lemma 14 says that conditional on that ¢ almost dominates the market, some other
consumer who dominates 7 (if existing) will almost dominate the market as well sometime in the

future.

Proof. From Lemma 13, there exists p > 0 such that
P (UjeUi {ﬁ? > ¢ for some T > t} L™ < 6) > p. (38)

Define T' = inf {T >t:Lim > 5’}. So we have: (i) T' < oo, and (ii) there exists some j € U; such
that f)? > ¢/, Each such j must satisfy

. s e ..
L7 =max L)' = L} x maxL’{f

k#j k#j
1 ki 1

< — x & max <D’“Bk’> < — x &' M for some M < oo. (39)
€ €

where the boundedness of D and B comes from the proof of Lemma 9. (38) and (39) imply that
P (UjeUi {IE‘ < ¢’M for some T > t} \Li_ < 5) > p.

Assumption 7 implies that conditional on I:i ~ < &' M, there exists K < oo signals after which we
have IA/]T; x < €. S0, there exists some ¢ > 0 such that probability of LI~ < & for some 7 > t is
uniformly bounded by gq. O

Next, we prove the following claim, which implies Theorem 3 directly.

Lemma 15. P (u,;ep {cg' 50 for all j # z}) — 1, with P (cg' 50 for all j # z) >0 for alli € I*.

Proof. Let L = {I:ij, for all 7,5 € I} and we define B! = {f/ o 5} . From Assumption 7, we
know that for all ¢t € T, the probability that there exists some j; € I such that ﬁtl € Bgl for some
t1 > t is uniformly greater than 0.** Then, when ﬁtl € Bgl, and if U}, # (), Lemma 14 implies that
with a strictly positive probability that exists some to > t; such that I:tQ € B2 for some Jo2 € Uj,.
Applying the arguments iteratively, we know that with a strictly positive probability, L follows the
trajectory B! — B2 - B <oory Where jppy1 € U, until it enters some BZ* with U;, = (. Once
L € Bg*, Lemma 12 implies that Ly is trapped inside Bg* with a strictly positive probability, in

which case consumer j* dominates the market. Note that in each step, the probability is uniformly

*We simply choose ji € argminjes Ff (cf, R{) By definition we have L{t = max; L{i <1 < oo. Assumption 7
implies that the probability that L{i_ < ¢ for some t1 > t is uniformly bounded from below.
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bounded away from 0. Therefore, for all £ € T and F;, there exists some p > 0 and ¢ € I* such that
P (uiep {cg' 5 0 for all j # z} ]]—“t) > p,

i.e., the probability that some consumer in I* eventually dominates the market is uniformly greater
than 0. Levy’s 0-1 law then implies that with probability 1, some consumer in I* will eventually
dominate. Besides, from Lemma 12 and Assumption 7, we know that each consumer in I* dominates

with a strictly positive probability. O

A.10 Proof of Theorem 4

Denote by E the event that all consumers in I\G vanish. Under the assumptions of Theorem 4,

we have the following lemmas.
Lemma 16. On E, P—almost surely there exists some i € G such that I:i_ doesn’t converge.

Proof. Suppose not, then it happens with a strictly positive probability that I:ff converges for all
i € GG. We first notice that by Assumption 7, the limit Iiég can only be 0 or oo except for null
events. We further note that on E, all consumers in I\G vanish, and since U; # () for all i € G,
no consumer in G' dominate the market by Proposition 3, so ﬁég cannot be zero. Therefore, I:ég
must be oo for all ¢ € G. But then all consumers in G vanish as well, which is not possible by
definition. O

Lemma 17. Suppose that IZ%‘ doesn’t converge, then lim inf I:;i_ =0 except for P-null events.

Proof. Denote by G the event that ﬁf doesn’t converge, so we can rewrite it as
ail 1 P :
G =Unmez,, § Ly crosses |—,n| infinitely many times » = Uy, nez,, Gmn-
m

Further denote by F' the event that lim inf I:i_ > 0, which can be rewritten as
F = Ukezt+ {hm inf ii_ > 1/]{} = Ukez++Fk-

Therefore, GNF' = Uy m.nez, , GmnNF, denotes the event that f/i_ doesn’t converge and lim inf ﬁi_ >
0. Suppose that k& < m, then by definition Gy, N F} is a null event. Suppose that k > m, then
on G, IA/;‘E_ falls below 1/m infinitely often. By Assumption 7, whenever IA/;_ < 1/m, then it will
fall below 1/k with a strictly positive probability in the future. So, on G, we have

ZIP’ (fﬁ; < 1/k for some 7 > t|.7:t> = +o0.
t

By Levy’s extension of Borel-Cantelli Lemmas (See Chapter 12 of Williams (1991)), we almost
surely have {f)é_ <1/k i.o.} on Gy, which implies P (G, N Fy) = 0. The arguments hold for all
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k,m,n € Z44, so we further have P (G N F') = 0, which implies that when [Aé* doesn’t converge,

we have lim inf j}i_ = 0 except for null events. O

Proof of Theorem 4

Proof. Combining Lemmas 16 and 17, we know that on F, there almost surely exists ¢ € G such
that L, € Bl = {ﬁ € ]Rifrl o 5} happens infinitely often. Recall that Lemma 13 says that

P (maxL” > ¢l
jeu; t

Ly~ > > p,
where T} = inf {7’ >t I:ZT_ > ¢! } Recall that T} is P-almost surely finite. Therefore on E, we
almost surely have
ZIP (maxLTZ > ¢
7 jeU,

which, by Levy’s extension of Borel-Cantelli Lemma, implies that max;ey, f)? > ¢’ occurs infinitely

]:t) = +00

often on E almost surely. By definition, all consumers in I'\G vanish on E, so we have maxcy,ng I:;j >
¢/ occurs infinitely often on E.*> For any t € T, suppose that I:ij > ¢ for some j € G, then L,
enters B with a positive probability. Following the iterated arguments as in Lemma 15, L follows
a trajectory Bgl — BgQ — BgS — ..., where jp41 € Uj,, NG for each m and finally enters BY
for some g € G* with a positive probability, and the probability is bounded away from 0 for all ¢.

Therefore, on E, we have

ZP (UgEG* {sz € BY for some T > t} \]—'t> = +00,
t

which implies that L; € BY for some g € G* infinitely often almost surely. Lemma 13 says that
conditional on L; € BY , the probability that max;eg, ﬁgfg > ¢/, Therefore, on E, we have
t

3F (o (st 2 ¢} 17) =+ <40’

which implies that ﬁf}jg > ¢’ for some g € G*and j € U, infinitely often almost surely. Notice that
t .

by assumption, Uy # () and U, C I/G, so (40) implies L?F]g > ¢/ infinitely often for some g € G*and
t

j € I/G, which further implies, once again, that some consumer j € I/G doesn’t vanish on E

almost surely, so £ must be a null event. O

45Tf there were some j € U; N G° such that f/ij > ¢’ occurs infinitely often, it would imply that j’s consumption

is greater than 0 infinitely often, which contradlcts the definition of E. To see this, let T = T/ and note that

maxy ?k » < g, which implies that maxs Fk < & x M for some M < o0, so F: < eM - miny F¥. Also note that

P

2 > ¢, so F% < Fi. ? < 5 M - ming FE% which implies that j’s consumption must be greater than 0.
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A.11 Proof of Lemma 2

We first state the formal definition of the distance below.

Definition 18. For economy &5 = (e, m, F,R) and £¢ = (é,fro,ﬁ’,ﬁ) with § O S. We define
Hgs — gg” = max {de, dﬂ, dF, dR} s
where

d. = max |e; (s) — & (s)], where e; (s) =0 for s € 5\S
iel,seS

dy = max |mo (s) — 7o (s) |, where mo(s) = 0 for s € S\S
ses
dp = max [|F(cy) = F(ey)l,

dr = max [R'(V) = RH(V) |, where R' (V) =R’ ({Vi}ies) -
where C = [0,€] and Y = [0,7], where € is the maximum total endowment in these two economies

and T denotes the maximum continuation utility, and V = [0,v] C RS where 5 =7 x 1 € RS,
Next we prove Lemma 2

Proof. The proof is by construction. The construction is not unique and below is one particular

case. Let § = SU{3y,...,47}. For some e > 0, we define

. ei(s) whense S . (1—€)mo(s) whenseS
éi(s) = L, and o (s) = o
€ when s € S\ S € when s € S\ S

It is straightforward that é and 7 satisfy all relevant assumptions when e is sufficiently small. We

keep F' unchanged, so Fi = F'. For any vector V C R_S;, define

~ . i 2
REWV) = (1—e— )R (V) + Vs, +Zﬁvg
i

J’

where Vs = (V;),cq is the restriction of V on S. By assumption, we have: (i) R’ is continuously
differentiable and strictly increasing in Vs for s € S, and (ii) R’ is concave and satisfies R* (k) = k.
Therefore, R also satisfies these properties on the extended domain. When ¢ is sufficiently small,
the difference between R' and R’ is also sufficiently small. Last, we show that it also satisfies

Assumption 7. Recall that consumption dynamics satisfy

Ly =LY x B7 (01, 8041) x D (o).
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For all i € I, when s;11 = §;, we have

iy Vo R (Vi) €
BJ _ St+1 ‘ t}-i—l _ Vi ;.
(01, St41) Vo RV, I- TR #i

Besides, D7 is bounded by some constant d from the proof of Lemma 9. Therefore, when e
is sufficiently small, finitely many realizations of §; make Li_ below any given threshold, so it

satisfies Assumption 7. O

A.12 Proof of Theorem 5

Proof. Notice that Assumption 8 implies that only two cases are possible: either ¢ =; r or r >; ¢.

The “if” part: Suppose that ¢ »; r, then we have

i

Elog [vsni (V )] > Elog (m (s)) > Elog [V.RI (V)] for all R? € 2, (41)

where the first inequality comes from i =; r, and the second inequality employs the facts that: (i)
VRI (Zj ) is a probability distribution, which comes from Lemma 3 and that V7 is constant across
states, and (ii) the entropy achieves its minimum at the true distribution 7. (41) implies that
i >; j for all R7 € #. As a consequence, in all e-perfect economies with sufficiently small e, we
also have i =; j for all R/ € Z by continuity arguments. The previous argument applies to all
j # 1, so we have ¢ >; j for all j £ ¢ for all {Rj }j# € #'~!. Therefore, consumer i dominates
the market with a positive probability in e-perfect economies with small ¢ for all {Rj }j 4i € 1728
which establishes that R* robustly survives.

The “only if” part: Suppose that » =; i, we want to prove that R’ can’t robustly survive. Let
RT € Z be any preference such that: (a) a consumer with R™ locally dominates r, and (b) the
effective belief at certainty is correct, that is, VR (k- 1) = mp for all k € R, ,.*® Consider the
preference profile {Rj }j i where R? = R, for all j # . Under this construction, j’s effective
belief is correct at certainty, so when i dominates the market, we must have j >=; i because r =; i
by assumption. Therefore, the local upper contour set of i is U; = I'\ {i}. On the other hand, each
J locally dominates r, so we have j =; r =; k for all £ # j. Therefore, the local upper contour set
of jis Uj = () for all j # i. Theorem 3 implies that consumer ¢ vanishes almost surely. As such, we

find a preference profile {Rj }j 4i such that consumer 4 vanishes, so R’ can’t robustly survive. [

463uch preference exists, e.g., HAAA utility with correct subjective belief as in Example 17
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A.13 Proof of Theorem 6

Case 1: Elog [VSRi (Vl)} < Elog [VSRi (K’)]
From the definition of D, we know that for all § > 0, there exists some € > 0 such that
V.R (V)
VLRI (V)

that is, the entropy of VR' (KZ) and VRJ (Kj ) can be arbitrarily close when R? and R/ are
sufficiently similar. Therefore, there exists € > 0 such that whenever D (Rj , RZ) < €, we have

D (R/,R") < €= |Elog <6, (42)

Elog [V.R' (V')| < Elog [V,R? (v7)], (43)

which implies that j >; i, so consumer ¢ dominates the market with 0 probability from Proposition

3, and hence R’ can’t locally robustly dominate.

Case 2: Elog |V,R' (V')] > Elog [V,R (V)]

Similarly, for all § > 0, there exists some € > 0 such that

i (170 V. R Vi
o) <= [pt0g [T | oo [Z2 O] | s g
R (V)

Elog [

VR (V)
So, there exists € > 0 such that for all R/, R* € B, (R’) = {R eEX:D (R,RZ) < 6}, we have
Elog [VSRJ (Vjﬂ > Elog [VSR’“ (z’f)} . (45)

That is, for all R/ € B, (R’), we have j >; k for all RFE € B, (Rz), so j dominates the market
with a strictly positive probability, which implies that consumer i can’t dominate the market with

probability 1 from Proposition 3, and hence R can’t locally robustly dominate.

Case 3: Elog |V,R' (V')] = Elog [V,R (V)]

To prove this case, we construct the following preference

RI(V)=(1—-¢))R (V) +e; x R*(V), (46)

VR (V'
where ¢; € [0,1] and R* is a preference that satisfies Elog WH > 0, e.g., the HAAA

(V)
preference with particular combinations of risk aversion and beliefs as in Example 17. Next, we
want to prove that j »=; ¢ in some e-perfected economy where € can be arbitrarily small. We first

state the following lemma.
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Lemma 18. For all R' € %, we have Elog

v.R (V')
W >0f07”all.€]>0

Proof. Notice that

o m g | VSR;EL)( ;)EJVR ()
> (1 —¢4) x Elog m +¢jElog Vvs:; EVZ)>
VR (V)
=¢;Elog W > 0. (47)

O

Note that Lemma 18 doesn’t directly imply j >~; i because we only have VR (Vz) instead of
VR (Vj), and it is possible that v/ #* v However, it turns out that there always exists some

e-perfection in which V= Vi, which is stated as a lemma below. Denote by % the set of feasible
utility functions, i.e., utility functions u such that satisfy Assumptions 1 and 4 are satisfied. We

have the following lemma.

Lemma 19. There exists € such that if €; € (0,2), then for all 6 > 0, there exists some u; € U

with ||uj — w;|| < 0 satisfies V= Vi, where || - || denotes the sup-norm over some compact set C.

Proof. Construct the following utility function
uj () =u; () + 5 [Rl (Vl> - R <Vl)} .

Notice that C; = R (Vz> —RI (VZ> — 0 as g; — 0. So, when ¢; is sufficiently small, we have
[luj —uil| < 6. It is easy to verify that u; € % when ¢; is sufficiently small (because u; is equal to
some constant plus u; € %, and when ¢; is sufficiently small, C; is also small, so we can guarantee
that u; (0) > 0 as well). Notice that for all s € S, we have

i

V= wi(e(s)) + 8 x R (7) = u; (e(s)) — B [R (V) _ R (V‘)} LB xR (V)
= uj (e (s) + AR (V')

so V' solves V = F (e,Rj (V)) By definition, we also have V= F (e,Rj (VJ)). Under our
assumptions, F (¢, R/ (V) has a unique fixed point (see Marinacci and Montrucchio (2010)), so

==

V' =V" O

Combining Lemmas 18 and 19, we can construct some preference R’ such that j > j @ in some

e-perfected economy where € can be arbitrarily small. Suppose that we choose other consumers’
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preferences sufficiently close to ¢, we will have j >; k for all £ # j, so consumer j dominates
the market with a strictly positive probability, which establishes that R* can’t locally robustly

dominate.

A.14 Proof of Theorem 7

The “if” direction. Suppose that R’ is not effectively uncertainty neutral, then we have the

following two cases.
Case 1: Elog [VSRi <VZ)} < Elog [VSR" (K’)] .

Similar to (45), there exists ¢ > 0 such that for all R/, R*¥ € B, (RZ) = {R €eZ:D (R, RZ) < 6},
we have

Elog [VSRJ' (Vj )} < Elog [vsnk (z’“)} . (48)

That is, for all R? € B, (RZ), we have k =; j for all RF € B, (RZ)7 so every consumer j is locally
dominated by all other consumers, i.e., as in Figure 6 (b). Suppose |I| = 2, then both consumers

co-exist almost surely from Theorem 2, so R’ locally robustly survives.
Case 2: Elog [VsRi <Vl)} > Elog [VSRi (KZ)]

From the case 2 in the proof of Theorem 6, every consumer j locally dominates all other consumers,
i.e., as in Figure 6 (a), so consumer 4 survives with a positive probability, and hence R’ locally

robustly survives.

The “only if” direction. Suppose instead that R’ is effectively uncertainty neutral, then we
want to show that R’ can not locally robustly survive, i.e., it can almost surely vanish in the
presence of some very close preferences and in small e-perfected economies. Since we are interested

in e-perfection, it is without loss (see footnote 48) to focus on the following case
Elog [V,R' (V') ] = Elog [V,R' (V*)] # Elog o (s)]. (49)

In this case, the entropy of local effective beliefs of R’ is not equal to that of the correct belief
v.R* (V')

entropy.*” We construct R/ with form (46), where R* satisfies both: (i) Elog [m(w)

] > 0, and

VR* (V)

(ii) Elog [v;w(v‘)

aversion as in Guerdjikova and Sciubba (2015). From the proof of Theorem 6, we already know

] > 0, e.g., the HAAA preferences with correct beliefs and particular ambiguity

that (i) implies that j >; ¢ in some e-perfected economies with sufficiently small e. Similarly, we

also have (ii) implies that j >; 7 in some e-perfected economies with sufficiently small £.48

4TFurthermore, recall that VR’ (Kl) is a probability distribution, so we actually have Elog [VSRi (VZ)] =

Elog [V R' (V*)] < Elog [mo (s)] for this case. _
“8Suppose instead (49) doesn’t hold, then we still construct the sameR]_ with the same choice of R*. But the
only difference is that R* can’t satisfy (ii) as the local effective beliefs of R* is correct. However, we can find some
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In the case where |I| = 2, this directly implies that consumer j dominates almost surely, and
hence i vanishes almost surely, so R’ can’t locally robustly survive. Note that The “only if” direction
applies to arbitrary number of consumers. In this case, the continuity further implies that for all
J # i, we have: (i) j >=; j/ for all j/ # j, and (ii) j >; i. Therefore, we have U; = I\ {i} and
Uj = 0 for all j # i. Theorem 3 implies that consumer i vanishes almost surely, so R can’t locally

robustly survive.

A.15 Proof of Lemma 4

Proof. Let f(k) =k —RYV +k-1). A differentiable R’ displays decreasing (increasing, constant)
absolute uncertainty aversion if and only if f'(k) < (>,=)0 for all k¥ € R. Finally, note that
J'(k)|yeo < (>,=)0if and only if 1 — >V RY(V) < (>,=)0, so the lemma is proved. O

A.16 Proof of Proposition 4

Proof. Suppose that R displays increasing or constant absolute uncertainty aversion, then by
Proposition 4, we have ) VR (VZ) < 1. Let B denote the common discount factor, then

Si = Elog V,Ri (V) +Elog 8

) +Elog (Z VR (W)) +Elog 3

S, VR (V’

= Elog ViR (VZ>

< Elog (m (s)) + Elog (1) + Elog 8 = S,

so we have r >=; . By Theorem 5, R’ can’t survive robustly. O

e-perfected economies in which the perturbed R? has an incorrect belief. Therefore, in these perturbed economies,
we still 7 >; ¢ and j >; ¢, and hence results won’t change.
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