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Abstract

This paper studies a sequential social learning problem in which society follows a
power-Bayesian updating protocol that governs how public information is weighted over
time. We show that incorrect information cascades can be avoided by gradually “un-
learning" public information. Under mild regularity conditions, a correct information
cascade emerges almost surely in the limit if and only if the weight on public information
decays more slowly than 1/i, where i denotes the decision order. If public information
is discounted too quickly, no information aggregation occurs in the limit and individuals
asymptotically rely only on private signals; if it is never fully discarded, both correct
and incorrect cascades persist. From an algorithmic perspective, the results suggest
that recommendation rules with time-decaying weights can mitigate persistent herding

while preserving long-run information aggregation.
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1 Introduction

Individuals often learn from observing others. In many economic settings, ranging from
financial markets to technology adoption, such learning unfolds sequentially: individuals act
in turn, each observing predecessors’ actions but not their private signals. In the classical
Bayesian models, an information cascade occurs almost surely: eventually, agents disregard
their own signals and imitate others, even when those actions are suboptimal (Banerjee,
1992; Bikhchandani et al., 1992).! This learning failure arises because early actions exert a
disproportionate influence on later decisions, crowding out subsequent private information.

This paper considers a setting in which individuals collectively follow a non-Bayesian
updating protocol and shows that it can successfully avoid incorrect information cascades. In
particular, we introduce an unlearning algorithm, in which individual ¢ raises the likelihood of
the observed public history to a power a; € [0, +00).? When «; = 1, the algorithm coincides
with standard Bayesian learning; when «; < 1, individuals underweight public information.
A decaying a; enables society to gradually “unlearn" public information over time. We show
that such unlearning mitigates the excessive influence of early actions in the standard cascade

model. When «; decays at a rate slower than 1/i, the following results hold:

1. Correct limit cascade: A correct information cascade occurs almost surely in the
limit. This stands in contrast to the classical literature, in which both correct and incorrect

cascades arise with positive probability.

2. Belief dynamics and convergence rate: The public belief enters and exits cascade
regions infinitely often. It oscillates around the boundary of the correct-cascade region with
shrinking amplitude and converges to that boundary (Figure 3a). We further show that the

(local) convergence rate in L? is approximately O(ail / 2).

3. Asymptotic actions: The expected fraction of correct actions exceeds 1 — § in
the limit, where ¢ is the probability of the strongest signal favoring the incorrect state.
With continuous signals (6 = 0), our unlearning algorithm (with slight modification) drives

asymptotically almost all individuals to choose the correct action.?

The condition for correct limit cascades is tight. Under the power-rate assumption for «,
a correct limit cascade emerges almost surely if and only if «; — 0 more slowly than 1/i. If
a; decays faster than 1/i, public information is discarded too quickly, and individuals follow

only their private signals in the limit. Conversely, if a;; does not converge to 0 (e.g., converges

1See also Chamley (2004) and Easley and Kleinberg (2010) for expositions.

2We use the term algorithm because beliefs are updated cooperatively at the societal level; it is therefore
more natural to view agents as following a common protocol rather than applying isolated individual rules.

3More precisely, we show that the fraction of correct actions converges to 1 in probability.



to a positive constant or diverges), a minimum weight on public information persists and
both correct and incorrect cascades occur in the limit, as in the standard model.

This paper makes several contributions to the social learning literature. (I) It proposes a
simple algorithm that overturns the classical cascade result: by allowing society to unlearn
public information at a controlled speed, the analysis shows that incorrect cascades can
be avoided without requiring unbounded signals or designated sacrificial agents. (II) The
analysis uncovers a new learning dynamic. Unlike traditional models—which generate either
path-dependent herding or complete learning—the unlearning algorithm yields an almost-
sure correct cascade in which beliefs converge to an interior limit (i.e., the boundary of
the correct-cascade region). Society therefore converges to the correct action, yet learning
remains incomplete because sufficiently strong private signals can still induce deviations.
(IIT) The paper develops a methodological approach for studying learning dynamics when the
martingale property fails. By employing tools from stochastic approximation, the analysis
is able to characterize the non-martingale belief dynamics generated by the non-Bayesian
updating process, particularly for the continuous-signal case. (IV) Finally, from a practical
perspective, the results also speak to algorithm design: they suggest that a time-decaying
recommendation algorithm can systematically improve long-run information aggregation, a

point developed further in Section 7.

Related Literature.

A natural method to mitigate incorrect cascades is the sacrificial-lambs algorithm: infinitely
many agents are designated “lambs" who ignore social information and act solely on their
private signals, thereby injecting infinitely many independent observations and delivering
complete learning for the non-lambs (e.g., Peres et al., 2020; Cheng et al., 2018).* Our
approach differs along several dimensions. First, in terms of mechanism, we do not des-
ignate special cohorts or exclude anyone from social information; instead, every individual
follows the same unlearning update that gradually down-weights public history via a position-
dependent weight «;.° Second, in terms of learning outcomes, the two approaches differ both

belief-wise and action-wise.

e Belief-wise: Sacrificial-lamb schemes achieve complete learning for non-lambs—their

beliefs converge to a point mass on the true state in the limit—while lambs themselves

4The sacrificial-lamb idea appears already in classical social learning papers such as Banerjee (1992) and
Bikhchandani et al. (1992). The recent works cited above show how it can be used to obtain asymptotic
learning and also study convergence rates.

5Notably, in many settings, instructing or compelling some agents to ignore observable information may
be impractical due to legal or ethical concerns. Our approach thus offers a softer, more defensible intervention
for algorithm design in social learning.



do not learn. In contrast, under our algorithm, society achieves a correct limit cascade

for all individuals; learning remains incomplete, as beliefs converge to an interior limit.

o Action-wise: Both approaches can deliver asymptotically correct actions for almost
all agents, but under different requirements. In sacrificial-lamb schemes, the density
of lambs must vanish over time, whereas under our algorithm, correctness requires a

thin-tailed (or continuous) signal structure.

Finally, previous papers focus on binary signals, whereas this paper considers general signal
structures—covering both discrete and continuous signals—and provides a comprehensive
characterization of the corresponding asymptotic dynamics and convergence rates.

The paper’s approach of underweighting public information is also related to the litera-
ture showing that overconfidence can enhance social learning. Bernardo and Welch (2001)
analyze a sequential social learning model in which a proportion of agents are overconfident
and underweight public information; they show that moderate overconfidence improves social
learning outcomes. Arieli et al. (2025) study a model with unbounded signals where individ-
uals misinterpret their predecessors’ data-generating processes; they demonstrate that mild
condescension can lead to efficient learning, a result stronger than complete learning in the
standard unbounded-signal model.® These papers assume a homogeneous confidence level.
In contrast, our model allows the confidence parameter «; to vary across individuals, and
the analysis shows that not only the level of confidence but also the rate at which confidence
changes plays a crucial role in social learning.” Our assumption of heterogeneous weights on
public information is also related to Goeree et al. (2006), who show that complete learning
can occur even with bounded signals when individuals have idiosyncratic tastes for actions;
preference diversity ensures that all actions occur with positive probability in every state,
continuously revealing information.

This paper also contributes to the broader literature on non-Bayesian social learning. A
prominent strand studies naive or heuristic updating rules, such as DeGroot learning and
related models (DeGroot, 1974; DeMarzo et al., 2003; Golub and Jackson, 2010).% In this

SEfficient learning means that the expected number of incorrect actions is finite, as defined in Rosenberg
and Vieille (2019). While Smith and Sgrensen (2000) show that complete learning occurs with unbounded
signals, it does not necessarily ensure efficiency.

"As noted in a recent survey by Bikhchandani et al. (2024): “A possible direction for future research is
understanding conditions under which overconfidence harms social learning instead of helping. For example,
if overconfidence were growing rapidly with later agents, all agents would act based only on their private
signals and there would be no information aggregation.” Proposition 7 directly echoes their conjecture in
the quote.

8See also Ellison and Fudenberg (1993, 1995), Bala and Goyal (1998), Epstein et al. (2010), Jadbabaie
et al. (2012), Guarino and Jehiel (2013), Arieli et al. (2021), Molavi et al. (2018), Eyster and Rabin (2010,
2014), Dasaratha and He (2020), Chen (2019), Frick et al. (2024).



paper, individuals can also be interpreted as using a heuristic rule, assigning varying weights
to public information based on their position in the sequence. A relevant paper is Molavi
et al. (2018), who axiomatize the log-linear rule and show that if individuals’ weights on
neighbors decay more slowly than 1/t—the same threshold identified in this paper—then
complete learning occurs. Their environment, however, differs in key respects. Individuals
repeatedly exchange beliefs, and information cascades do not arise. Moreover, in their setting
complete learning still obtains when weights are constant, whereas in our model a correct

limit cascade requires that the weight on public information decay to zero.

2 Model

Preliminaries. The setup follows the traditional sequential social learning framework. The
true state of the world is # € {1,0}. Without loss of generality, assume that the true state
is 0. An infinite sequence of individuals I = {1,2,3,...} act in an exogenously given order,
each choosing an action from A = {1,0} in an attempt to match the state. Individual i

receives payoff 1 if her action a; matches the true state and 0 otherwise.

Information Structure. Individuals do not know the true state and begin with a flat
prior 7. Before acting, individual ¢ privately receives a signal s; from a signal space S.
Signals are i.i.d. conditional on # and have conditional distribution G?. Following the
convention, we work with the normalized signal \(s) = %, which is the likelihood ratio
induced by signal s. Let Y denote the conditional c.d.f. of the normalized signal. We
assume co (supp (F?)) = [1/7,7], where v € (1, 4+00), so signals are informative (y > 1) and
bounded (7 < 4+00). ? This paper allows both discrete and continuous signal structures: in
the discrete case, supp (F 9) contains finitely many points; in the continuous case, we further

assume that F is continuously differentiable.
Learning Algorithm. All individuals follow some non-Bayesian algorithm to update be-

liefs. Individual i’s posterior is

B f2 (X)) x pi (0]hs)
T (9|/\i; hi) - ZG’G@ f&’ ()\1) X D; (9’|hi)’

where: (i) f% (\;) is the p.d.f. or p.m.f. of the normalized signal \; under state #; and (ii)
pi (0|h;) is the public belief, i.e., the belief based solely on public history, h;. Thus, 7; is the

standard Bayesian update of the public belief based on private information.

9The assumption of signals being informative is to avoid triviality. We also focus on bounded signals
because cascades do not arise with unbounded signals (Smith and Sgrensen, 2000).



The non-standard feature of the model lies in how public beliefs are formed. Individuals

follow a power-Bayesian algorithm, defined by

O = R T v

where: (i) pr (h;|0) is the Bayesian posterior of 6 based on h;; and (i) «; > 0 is the

Bayesian weight used by individual ¢. Intuitively, the power-Bayesian rule transforms the
Bayesian public belief by raising it to a position-dependent exponent c;. When «; = 1, it
corresponds to Bayesian learning. When «; < 1, individuals flatten extreme likelihood ratios
and thereby discount the accumulated public information; when «; > 1, they amplify it.
The sequence («;) therefore governs the rate at which society “unlearns" or “reinforces" the
information encoded in past actions. This exponent-based transformation can be viewed as
a simple algorithmic adjustment of the society’s confidence in public history; Section 7 gives

a concrete connection to recommendation systems.

Recursive Form. The update in (1) can be expressed in the recursive form

PF (ai|hi7‘9 = 1))

pr(aglh 0 = 0) 2)

Ziv1 = Biy1 X 2 + aiy1 X log (

where: (i) z; = log (%) denotes the public log likelihood ratio (LLR), (ii) fiy1 =
a;y1/; can be interpreted as the discount factor that individual ¢ + 1 applies to the accu-
mulated public information; and (iii) the final term is the LLR contribution from observing
action a;, i.e., the new public information. In words, next period’s public LLR z;;; equals
a discounted version of the current LLR z;, plus the new public information generated by

action a;, weighted by the Bayesian weight ;1.

Remark 1 (Power-Bayesian Algorithm). The power-Bayesian algorithm in (1) is a special
case of generalized Bayesian updating (Bissiri et al., 2016), in which the likelihood contri-
bution of historical data is raised to an exponent. It is closely related to power priors in
statistics, which discount past information by applying a tuning parameter to the likelihood
(Ibrahim and Chen, 2000). In economics, the formulation is connected to Grether’s models
(Grether, 1980, 1992), where individuals differentially weight base rates and sample evidence,

generating systematic departures from Bayesian updating.'®

10A large experimental literature documents similar deviations from Bayesian weighting when combining
private and public information: see, for example, Anderson and Holt (1997), Weizsécker (2010), Duffy et al.
(2021), and the recent findings in Conlon et al. (2022). Surveys include Morin et al. (2021) and Benjamin
(2019).



2.1 Assumptions

The goal of the paper is to understand how asymptotic learning outcomes depend on the
weighting scheme oo = {c; }22,. To simplify the discussion, we impose the following regularity

conditions.
Assumption 1 (Monotonicity). «; is monotonic in i when i is sufficiently large.

Assumption 2 (Power Rate). Asi — 400,

o~ e X1 P,

for some constant ¢ > 0 and p € R. When p = 0, we additionally assume that |a; — co| ~

c x 179 for some ¢y, q > 0.

Assumption 1 rules out sequences in which «; oscillates infinitely often. Assumption 2 is
the central assumption: it requires that the Bayesian weights eventually follow a power-law
rate of decay (or growth). Together, these assumptions allow us to reduce the characteriza-
tion of asymptotic learning to a single parameter p. Three cases are particularly important:
(i) when p > 0, o — 0, so tail individuals eventually ignore public information; (ii) when
p <0, a; = +00, so tail individuals place increasingly large weight on public information;

and (iii) when p = 0, «; converges to a positive constant.

3 Decision Criterion and Learning Concepts

This section characterizes individuals’ decision rule in the sequential social learning environ-

ment and introduces the notions of information cascades and limit cascades.

3.1 Decision Rule

We begin by describing each individual’s optimal action using the public likelihood ratio.

Proposition 1 (Characterization of Decision Rule). For all i € I and all feasible h;,

0, /\z< 1/1’2’

a; =

where x; = exp(z;) is individual i’s public likelihood ratio based on history h;.



Proof. Under the power-Bayesian update,

mi (Ui ) 1 () {pF (hil0 =1)

= X = )\Z X Z;.
mi (0| hi) O () pr (hil0 = O)]

Thus, individual ¢ chooses action 1 (or 0) if the ratio is larger (or smaller) than 1. O

When an indifference arises, we adopt a tie-breaking rule under which individuals follow
the public likelihood ratio: they choose action 1 whenever z; > 1.'' From Proposition 1, the
public likelihood ratio x; serves as a sufficient statistic for the learning problem. Therefore,
despite the complexity brought by the Bayesian weight, the learning problem is still tractable:

it suffices to keep track of x; to understand the learning dynamics.

3.2 Information Cascades and Limit Cascades

When the public likelihood ratio x; exceeds the highest possible signal likelihood ratio ~y
or falls below the smallest one 1/7, individual i’s action no longer depends on her private

signal. This motivates the following definitions.

Definition 1. We say that: (i) individual ¢ is in an information cascade if z; € C =
[0,1/4] U [y, +oc], and (ii) a limit cascade occurs if zo, € C, where xo = lim; o x;,

assuming that a limit exists.

An information cascade occurs when the public likelihood ratio is so extreme—either
very large or very small—that no private signal can overturn the public belief. We refer to
the set C as the cascade set, and its complement set D = (1/7,7) as the noncascade set.
We also define C = [y, +o0] and Cy = [0, 1/7], where C, is the cascade set of action a. If
x; € C,, then individual ¢ chooses action a regardless of her private signal.

Unlike the classical Bayesian model, under the power-Bayesian algorithm, the occurrence
of a cascade at time i does not necessarily imply that all subsequent individuals also cascade.
Hence the more relevant concept is a limit cascade, in which public information eventually
dominates private signals. We say that a correct limit cascade occurs if x,, € Cy, meaning

that the public likelihood ratio converges to the cascade set of the correct action.

4 Discussion of Learning Dynamics

In this section, we discuss the learning dynamics under the power-Bayesian algorithm and

explain how they differ from those in classical Bayesian models. By Proposition 1, the public

1 That is, individuals choose the action favored by public belief in the knife-edge case. This assumption
simplifies the exposition but does not affect any of the asymptotic results.
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Figure 1: Bayesian Case: Path-Dependent Cascades

likelihood ratios {x;} satisfy the recursive expression:

"6 (ag2)] "

where

, 1-F' (1), ifa=1,

¢ (a’x) = PrF (a|h70) =
F (1), ifa=0,

represents the probability of taking action a in state 6 given the public likelihood ratio x.

4.1 Bayesian Benchmark

When «; = 1 for all i, the power-Bayesian model reduces to the standard Bayesian model.
In this case, equation (4) simplifies to
Tiy1 = T; X (5)

A key property of z; in this setting is that it is a martingale.'* By the martingale convergence

theorem, x; almost surely converges to a limit x..

Lemma 1 (Bayesian Benchmark). If o; = 1 for all i, a limit cascade occurs almost surely,

and both correct and incorrect cascades occur with positive probability.

(d00,To0)

Proof. Note x,, must be a stationary point of (5), so it must satisfy z;(a )

oo is the limit action. The only possibility is that z., € C. '* Moreover, the martingale

= 1, where

12To be more precise, it is a martingale under the probability measure conditional on the true state.
13This is because F° (z) > F*' (x) for € (1/7,7), so any point in the noncascade set is not stationary.



property implies E (o) = zo € (1/7,7), 80 T cannot always exceed 7y or remain below

1/~. Thus both correct and incorrect cascades occur with positive probability. O]

Furthermore, when signals are discrete (or continuous with sufficiently heavy tails), an
information cascade occurs in finite time. Once z; € C, all subsequent individuals ignore
their private signals, and society becomes trapped in a permanent cascade (Figure 1). Such
cascades are path-dependent: depending on early signals, society may enter either a correct
or an incorrect cascade, each with positive probability.

For some continuous signal distributions, an information cascade may never occur in
finite time, yet herding still arises almost surely, and the eventual herd behavior is also
path-dependent; see Herrera and Horner (2012) and Smith et al. (2021).

4.2 Power-Bayesian Case

Under the power-Bayesian algorithm, the learning dynamics governed by equation (4) differ
fundamentally from those in the Bayesian benchmark.

First, x; is generally not a martingale under the power-Bayesian rule. The martingale
convergence theorem therefore does not apply, and neither the existence nor the character-
ization of a limit is immediate. Even if x; converges, its limit cannot be identified by the

usual stationary-point argument. For example, if o; = 1/i and z; — 2, then

{df <aoo,xoo>r°° . 6

¢° (o0, Too)

where a,, = 0. Since any positive number raised to the power 0 equals 1, every x., satisfies
this condition. Thus, unlike the Bayesian case, stationary points provide no information
about the limit.

Second, information cascades no longer imply the cessation of information aggregation.

Suppose individual 7 is in a cascade, so z; € C. Then, by equation (4),
Tit1 = x?i+l/ai~ (7)

In the Bayesian model, where «; = 1, this yields z;,; = x; and no further information
aggregation occurs. Under the power-Bayesian algorithm, however, the relative change in

the Bayesian weight affects the next likelihood ratio (Figure 2):
o If o; 11 > oy, ;11 moves deeper into the cascade set;

o if ;11 < oy, ;11 moves closer to the boundary of the cascade set or exits it entirely.

10
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Figure 2: Dynamics with Different «;

In the latter case, once x; re-enters the noncascade region, society resumes learning from
private information. Thus, society may experience multiple rounds of halting and restarting
information aggregation. This dynamic makes the analysis of the power-Bayesian algorithm

considerably more complex compared to the Bayesian case.

5 Main Results: Slow Unlearning and Correct Cascades

This section characterizes learning dynamics under the power-Bayesian algorithm. Through-
out, we evaluate events under the objective probability measure P (i.e., conditional on the
true state being 0). In the classical sequential learning model with bounded signals, both
correct and incorrect cascades arise with positive probability. The results below show that

these conclusions change fundamentally once individuals follow the unlearning algorithm.

5.1 Discrete Signals

We begin with the case of discrete signals.

Theorem 1. Suppose signals are discrete. A correct limit cascade occurs P-almost surely
if p € (0,1) and only if p € (0,1]. Moreover, during a correct cascade, x; — 1/~v P-almost

surely.

The theorem provides an almost necessary and sufficient condition for the emergence of
a correct limit cascade.'* Two insights are central. First, the requirement p > 0 means that

a; — 0: the Bayesian weights must eventually vanish. A correct limit cascade therefore

“4When p = 1, we have a; ~ ¢/i for some ¢ > 0. In this boundary case, whether a correct limit cascade
arises depends on the value of c.

11
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Figure 3: Emergence of Correct Limit Cascades

requires society to discard all public information in the limit. Second, the condition p < 1
means that this decline must be sufficiently slow; in particular, «; cannot fall faster than 1/i.
Together, these conditions imply that correct cascades arise only when society gradually—
but not too quickly—unlearns past social information.

The theorem further implies that the public likelihood ratio converges to the boundary of
the correct-cascade region, 1/+v. Figure 3a illustrates the learning trajectory: the sequence
x; repeatedly enters and exits the cascade region before eventually stabilizing near 1/7.
This behavior is fundamentally different from the Bayesian benchmark (Figure 1), where the
asymptotic learning outcome is path-dependent.

The next proposition characterizes the rate at which x; converges to 1/7.

Proposition 2 (Convergence Rate). Suppose p € (0,1), and signals are discrete. Then,
for every e > 0,

E (2 = 1/7) Laigen] = O (0 %). (8)

Moreover, whenever x; € Cy, we have 1/v —z; = O ().

Proposition 2 says that conditional on that x; stays outside of the incorrect cascade set—
which happens with probability 1 in the limit—the expected squared distance of x; from the
correct boundary 1/v decays at a rate faster than «; ° for any £ > 0.1 Roughly speaking,
for large 7, the trajectory z; lies between 1/v £ ¢;,/a; with probability close to 1, where
c1 > 0 is a constant. The second part of the proposition sharpens this picture: if z; enters
the correct cascade set, then x; > 1/v — cocy; for some ¢ > 0. Taken together, these bounds
imply that the sequence z; eventually fluctuates within a narrowing band between 1/v — coay;
and 1/v + ¢14/ay, as illustrated in Figure 3b.

15When p < 1/2, one may take € = 0.

12



The next proposition analyzes long-run behavior of actions.

Proposition 3 (Asymptotic Actions). Suppose p € (0,1) and signals are discrete. Let

W = %ijl Lia;=01 denote the fraction of correct actions. Then,

lim inf E[¢;] > lim inf P (a; = 0) > F° (’77) ;

i—00 1—+00
where F° (y~) = limyy, FO (2).

Proposition 3 provides a lower bound for the asymptotic fraction and probability of
correct actions. It follows almost directly from the dynamics of x;—that is, it oscillates
around 1/v and eventually converges to it in the limit (Figure 3). Therefore, when ¢ is large,
there are two possibilities. First, z; < 1/v. In this case, an information cascade occurs,
and individual 7 chooses action 0 with probability 1. Second, z; > 1/ and very close to
1/~. In this case, individual ¢ is in the noncascade set and chooses action 1 if and only if
she receives the strongest signal, v. Thus, the lower bound for the asymptotic probability of
taking correct actions is F° (y7), the probability of not receiving . This lower bound also
applies to the expected fraction of correct actions.

The proposition further shows that the performance of the unlearning algorithm depends
on the tail behavior of FP. If the strongest signal v occurs with very small probability (i.e.,
F° has a thin right tail), then E[J;] is close to 1. However, when signals are discrete, this
fraction is always strictly below 1. This naturally suggests that with continuous signals, one

might obtain E[J;] — 1; this case is analyzed in the next subsection.

5.2 Continuous Signals

We now analyze learning dynamics when signals are continuous. We first establish con-
ditional convergence results parallel to those in Section 5.1. We then study unconditional

convergence and show that, with continuous signals, society can achieve E[J;] — 1.

5.2.1 Conditional Convergence

The following theorem establishes conditional convergence to the correct cascade set:

Theorem 2. Suppose signals are continuous. Let Q) be any compact subset of C$ = [0,7).
Conditional on the event that x; visits Q) infinitely often, a correct limit cascade occurs P-
almost surely if p € (0,1) and only if p € (0,1]. Moreover, during a correct cascade, x; — 1/7

almost surely.

13



Theorem 2 parallels Theorem 1 in showing that a correct limit cascade occurs almost
surely if p € (0,1) and only if p € (0,1]. However, it additionally requires that x; visits a
compact set () outside the incorrect cascade set C infinitely often. This condition arises from
the Kushner-Clark lemma in stochastic approximation (Kushner and Clark, 1978). Infinite
returns to a compact subset of [0, ) ensure that the process repeatedly enters regions where
the drift is well behaved (i.e., bounded away from zero or already within the correct cascade

set). See Section 5.3 for further discussion of the method.

Remark 2 (Discrete vs. Continuous Signals). Because «; is decreasing, we already know that
x; < v infinitely often. In the discrete-signal case, each action conveys a minimum amount
of information whenever a cascade is absent, which ensures that z; enters () infinitely often
almost surely. With continuous signals, by contrast, x; may drift toward the boundary =,
where actions carry vanishing informational content, making it more delicate to show that

the process returns to any compact subset of [0, ).

The following proposition characterizes the rate of conditional convergence.

Proposition 4 (Convergence Rate). Suppose p € (0,1), and signals are continuous with
f(v) > 0. Then, for every e >0,

E [(2; = 1/7)" Lmeay] = O (a; %)
for any compact set QQ C C§. Moreover, when z; € Cy, we have 1/v —z; = O ().

This result parallels the discrete-signal case but differs in two respects. First, convergence
is established only on a compact set () C CY, which reflects the same technical requirement in
Theorem 2. Second, we require f? (y) > 0. This assumption guarantees that the dynamics of
x; near 1/ admit a first-order linear approximation. If instead f? (y) = 0, the increments of
x; near 1/~ depend on higher-order terms, and the convergence rate can differ substantially.

We also obtain a parallel statement for asymptotic actions.

Corollary 1 (Asymptotic Actions). Suppose signals are continuous. Let Q) be any compact
subset of Cf. Conditional on the event that x; visits Q infinitely often, both E[¥;] — 1 and
P(a; =0) — 1 as i — +oo.

This corollary follows from the same reasoning as in the discrete case: conditional on
infinitely many returns to a compact subset of [0,7), the public likelihood ratio converges
to 1/~ almost surely. As a result, the expected fraction of correct actions, as well as the
probability of taking the correct action, converges to 1. The proof is analogous to Proposition

3 and is therefore omitted.

14



5.2.2 Global Convergence Under ¢-Truncated Algorithms

A central technical challenge is verifying that the process {x;} returns to a compact subset
of [0,~) infinitely often. As noted earlier, establishing it directly is difficult: as z; approaches
the boundary point 1/7, its increment becomes arbitrarily small, so many classical tools for
proving infinite returns fail.*

To resolve this difficulty, we introduce an e-truncated algorithm. This procedure forces
the belief process to return to an interior compact region infinitely often, but only rarely;
the frequency of truncations vanishes over time. This allows us to derive unconditional

convergence results, both for beliefs and for actions.

Definition 2 (e-Truncated Algorithm). Define the truncation operator

T—e zE€(y—e7)
T.(v)=q1/y+e z€(1/y,1/y+e)-

T otherwise

Let I* = {iy, 12, ...} be an infinite subset of individuals. For each iy € I*, the update rule is:

Az, a;,) with prob. 1 — py
xik-i-l = s
T. (A(z4,,a;)) with prob. py

where A (2, a) denotes the power-Bayesian algorithm and py — 0 while Y2 | py = +00. We

refer to this as the e-truncated power-Bayesian algorithm.

Figure 4 illustrates the perturbed algorithm. The operator T (x) pushes beliefs away from
the boundary layers (v — &,v) and (1/v,1/v + ¢) toward the interior points y—e and 1/y+-¢,
respectively (Figure 4a). Note that only individuals in ¢ € I* are eligible for truncation, and
even there truncation occurs with probability pi. When truncated, the next period belief
Ti,+1 18 a truncated version of the power-Bayesian update A (z;, , a;, ); see Figure 4b.

The condition ), pr = +00 guarantees that truncation occurs infinitely often, ensuring
that z; returns to the compact interval [1/v + &,y — &] infinitely many times. The condition
pr — 0 ensures that truncations become rare, so their long-run effect is negligible.

We now state the main result for continuous signals.

16Ty ensure infinite visits, it is often required that the perturbation around the stationary point (1/7 in
our case) is bounded away from zero with strictly positive probability, e.g., Pemantle (1990).

15



) )
T.(x)
y—ebr ‘
1/y+e ~
0 / e > 5 |
(a) e-Truncation (b) Truncated Dynamics

Figure 4: e-Truncated Algorithms

Theorem 3 (Limit Cascades and Actions). Suppose signals are continuous and p € (0,1).
For any e > 0, there ezists an e-truncated power-Bayesian algorithm such that: (i) for every
0 >0,

lim —Z]P’ lz; —1/~] > 8) =0,

n—+oo N

and, (i1) for asymptotic actions,

lim E[¢;] = lim —ZP =1,

i——+00 n——+oo N

which further implies that ¥; — 1 in probability.

Theorem 3(i) parallels Theorem 1 by establishing that a correct limit cascade emerges:
asymptotically, almost all beliefs lie arbitrarily close to 1/. Part (ii) then shows that the
unlearning algorithm achieves asymptotically correct behavior: the fraction of correct actions

converges to one in probability.

5.3 Methodology and Intuition

This subsection outlines the methodology and provides intuition behind our main results.
For clarity, we focus first on the case in which p € (1/2,1) and the signal distribution F? is

continuously differentiable; other cases are discussed at the end of the subsection.
Rewrite the Dynamics. From (2) and (4), the public LLR z; satisfies

Zit1 = Zi + Qg1 [h (Zl) + Mi+1 + 81‘} , (9)
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where: (i) h(z;) = E[In (¢'/¢%) |F;] is the drift, i.e., the expected change in the public LLR,
(ii) M;41 is a martingale difference, and (iii) the approximation error ¢; — 0. Thus the

learning process is a stochastic approximation (SA) algorithm with state-dependent drift.

Stochastic Approximation. Ignoring the vanishing term ¢; = 0, recursion (9) becomes

a classical Robbins-Monro algorithm (Robbins and Monro, 1951). When p € (1/2,1), the

step size a; satisfies the standard SA conditions:!”

Zai:oo and Zaf < +00.
i i

Under these conditions, the recursion is well-approximated by the ODE

Because F? is continuously differentiable, the drift A is Lipschitz continuous, and the ODE

admits a unique solution.

Analysis of the Deterministic Dynamics z(t). Let D* = (In(v),In(1/v)), the log-

transformed noncascade region. The drift satisfies

<0 when z € D*
h(z) (10)
=0 when z ¢ D*

because actions are informative when z; € D* (so Jensen’s inequality implies h (z;) < 0), and

uninformative during cascades, when z; ¢ D*.
Lemma 2 (Attraction Area). If zp € D* U {z*}, then z(t) — z* =1n(1/v) as t — +o0.

Thus z* is the global attractor of the ODE on the noncascade region. This provides
heuristic intuition for Theorem 1: if the stochastic recursion tracks this ODE, then x; = e*

should converge to 1/7, meaning that the process converges to the correct limit cascade.

From z(t) to Stochastic Dynamics z;. The connection between the ODE convergence

and the convergence of z; follows from Kushner and Clark (1978):

17The condition >, @; = oo ensures that the “algorithmic time” t; = qu o; — +00 as i — 400, allowing
the process to follow long-run dynamics. The condition ), a? < co implies a; — 0 and ensures that the
cumulative noise Y a; M; remains finite.
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Lemma 3 (Kushner-Clark). Conditional on that z; visits a compact set Q C D* U {z*}

infinitely often, z; — z* almost surely.

Theorem 2 is a direct implication of this lemma. However, as noted earlier, in the
continuous-signal case the drift h(z) — 0 as z — In~, so the process may drift toward the
incorrect boundary, and showing infinite returns to a compact () C D* becomes delicate.

In contrast, when signals are discrete, the drift A on D* is bounded away from zero.
Actions therefore generate minimum-information shocks that continually push the process
back into the attraction area. This yields infinite returns to any compact ) C D*, and hence

unconditional convergence z; — z*. This provides a more refined intuition for Theorem 1.

Other Cases. The argument above assumes p € (1/2,1) and continuous signals, but the
approach extends more generally. First, for general p, we use SA results from Ljung (1977)

and Benveniste et al. (1990), which require only

Zai:oo and Zaf < +o0 for some p > 1,

conditions satisfied by all power-decay schemes with p € (0,1). Second, for discrete signals,
differentiability fails, and standard SA tools do not apply directly. Instead, we use a different
argument to show that 1/ is globally attracting. The key step, mentioned above, is to prove

that x; returns infinitely often to a compact subset of the attraction region of 1/v.!®

6 Learning Dynamics When p <0 or p > 1

To complete the characterization of learning dynamics, this section studies the remaining
cases in which p < 0 or p > 1. Unless explicitly stated otherwise, the results in this section

apply to both discrete and continuous signal structures.

6.1 Path-Dependent Cascades

We begin with the case p < 0.

Proposition 5. If p < 0, a limit cascade occurs P-almost surely, and both correct and

incorrect limit cascades occur with strictly positive P-probability.

The condition p < 0 encompasses two cases: (i) p < 0, in which the Bayesian weight

diverges to infinity; (ii) p = 0, in which the Bayesian weight converges to a non-zero constant,

18Tn particular, the proof shows that x; visits the window [1/v, 1/ + €] infinitely often for any & > 0.
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Figure 5: Power-Bayesian With p = 0 and Decreasing «;

but it may increase or decrease with i. Proposition 5 establishes that if society does not
eventually discard all public history, a limit cascade must occur, and the resulting cascade
may be either correct or incorrect.

When signals are discrete, a stronger result holds: an information cascade occurs in finite
time and persists forever. That is, there exists a finite index I such that x; € C for all i > I,

mirroring the classic cascade results of Bikhchandani et al. (1992).

Corollary 2. If signals are discrete and p < 0, then an information cascade occurs and per-
sists forever P-almost surely. Both correct and incorrect cascades occur with strictly positive

P-probability.

This result follows from the fact that when «; does not converge to zero, there exists
a uniform positive lower bound on the weight placed on public information. As a result,
finitely many identical actions suffice to trigger a cascade, as in the classical model. To show
that such a cascade persists forever, consider two cases.

First, if «; is weakly increasing, then once a cascade forms, all subsequent individuals
place at least as much weight on public information as the agent who initiated the cascade,
ensuring that the cascade persists.

Second, if «a; is decreasing, the public belief may temporarily exit the cascade region.
However, when i is large, any such exit occurs arbitrarily close to the cascade boundary,
since a; has nearly stabilized. Because the Bayesian weight remains bounded away from
zero, a single cascade action by the next agent is sufficient to push the public belief back into
the interior of the cascade region, after which it becomes trapped (see Figure 5). Based on
this argument, we can further show that the public belief almost surely becomes absorbed

into a (possibly incorrect) cascade in the long run.

The Case of Constant «;

A special case of Proposition 5 is when «; is constant.
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Proposition 6. Suppose o; = a > 0 for all i. Then: (i) A limit cascade occurs P-almost
surely, and both correct and incorrect cascades occur with strictly positive P-probability; (ii)

letting p (a) denote the probability of a correct cascade, we have p (a) — 1 as a — 0.

When «; is constant, the public likelihood ratio z; is a martingale, and the learning
dynamics coincide with those of the standard Bayesian model illustrated in Figure 1. Part
(i) therefore follows directly from Proposition 5. Part (ii) provides a simple comparative
static. As the common weight on public information decreases, the probability of a correct
limit cascade approaches one. Intuitively, a smaller « increases the number of identical
actions required to trigger a cascade, allowing society to aggregate more information before
herding begins. As a becomes arbitrarily small, learning remains informative for a long time,

making incorrect cascades increasingly unlikely.

6.2 No Information Aggregation

We now turn to the case in which the Bayesian weights decay too rapidly.
Definition 3. We say that no information aggregation occurs in the limit if z; — 1.

By Proposition 1, convergence of x; to 1 implies that, asymptotically, individuals rely
solely on their private signals. In this case, public information no longer affects the decisions
of tail individuals, and social learning fails to aggregate information across agents. We have

the following result.
Proposition 7. If p > 1, no information aggregation occurs in the limit P-almost surely.

Proposition 7 states that if the society eventually discards public information too aggres-
sively, social learning breaks down asymptotically. Intuitively, if the weight placed on public
information decays too quickly, newly generated public information cannot accumulate fast
enough to influence future beliefs. As a result, individuals increasingly ignore social signals
and act almost entirely on their private information. Figure 6 illustrates this behavior. The
trajectory of x; is trapped between two deterministic bounds that both converge to 1.1 As

a result, we have x; — 1, and no information aggregation is achieved.

6.3 Discussion

Controlled Speed of Unlearning. The previous discussion highlights the delicate bal-
ance required for successful information aggregation. Excessive reliance on public informa-

tion prevents individuals from effectively conveying their private information, potentially

19 As shown in the appendix, the upper curve is v*®i+1 and the lower curve is 1/7!*+1, When p > 1, we
have ia; 41 — 0 as i« — 400, so both curves converge to 1 in the limit.
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Figure 6: Power-Bayesian With p > 1

trapping society in an incorrect informational cascade (Proposition 5). Conversely, insuffi-
cient reliance on public information can also harm social learning, as the speed of discarding
public information outpaces the speed of information accumulation, leading to no infor-
mation aggregation in the limit (Proposition 7). Thus, successful information aggregation
can only be achieved when society carefully regulates the rate at which it discards public

information.

Learning Incompleteness. The result of almost-surely correct cascades is different from
the path-dependent patterns in standard models. That being said, it still maintains several
features of cascade results—mnotably, learning is incomplete in the sense that individuals’
posteriors converge to a non-extreme belief in the limit. Recall that x; — 1/7, so individuals’

posteriors satisfy:
~

v+ >\z ’
so individuals never achieve full confidence in the true state: their subjective beliefs remain
strictly less than 1. Notably, the limit belief 7o, (0|A;) > 1/2 for all A; between 1/ and ~.

This indicates that, in the limit, individuals believe the true state is the most likely state

for almost all signals. Therefore, although learning is incomplete, asymptotic actions are

correct under almost all private signals.

Information Aggregation. Although learning is incomplete, information accumulation in
social learning continues indefinitely. Due to the infinite cycles of exiting and re-entering the
cascade set, society reveals an unbounded amount of information over time. More precisely,

consider a Bayesian outside observer. For such an observer, the belief about the true state
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satisfies:
Asi— +oo: wP(0h) =1 P—as.

In other words, a Bayesian outside learner can completely learn the true state based on
the public information. The co-existence of incomplete learning and continuous information
aggregation is another interesting feature of our model. This feature is also present in
sequential social learning models with continuous signals (Smith and Sgrensen, 2000; Herrera
and Horner, 2012). In those models, learning remains incomplete because the speed of
information aggregation decreases over time. As a result, even though information continues
to accumulate, the informativeness of society becomes bounded in the limit. In contrast,
in our model, this phenomenon arises because the weight on public information decays to
zero, yet the speed of information accumulation remains steady, allowing society to achieve

unbounded informativeness in the Bayesian sense asymptotically.

7 Implications for Algorithm Design

This paper has implications for the design of recommendation systems and online decision-
support algorithms that aggregate past users’ behavior. To illustrate the connection, consider
a sequential environment with binary states and actions, © = A = {0, 1}, in which individ-
uals arrive one by one and aim to match their action to the true state. Each individual ¢

observes two pieces of information:
1. a private signal \; as before, and
2. a recommendation produced by an algorithm that summarizes past actions.

Importantly, individuals need not observe the entire action history. Instead, they rely on
the algorithm’s output, which aggregates previous users’ choices into a simple posterior-like
score. This informational structure mirrors many online platforms, such as product ratings
on Amazon or Yelp, where users do not perfectly see all past decisions, but instead condition

their behavior on a summary statistic generated by the platform.

7.1 The Algorithm and Implications

Recommendation Algorithm. Formally, a recommendation algorithm is a mapping

'A : Uz?il {071}Z — A<@)7
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which assigns each feasible action history h; to a belief over states. For each individual 7, the
recommendation A (h;) (#) can be interpreted as the platform’s summary assessment of the
likelihood of state 6 based on past actions. The benchmark model in this paper corresponds

to the following recommendation rule:

A (hi) (0) oc i (01hi) (11)

where pg (6|h;) is the Bayesian posterior based on the public history, and «; > 0 determines
how heavily the algorithm relies on accumulated public information. When «; = 1, the
algorithm reports the Bayesian posterior; when «; < 1, it downweights public information;

and when «; decreases over time, it implements the unlearning algorithm analyzed in this

paper.

Individual Updating. Suppose individuals are obedient and take the recommendation at
face value. They incorporate their private signals using Bayes’ rule, so their posterior beliefs
satisty

T (0)hs, As) o f2 () x A (ki) (6).

Under this interpretation, the induced belief dynamics coincide exactly with those analyzed in
the main text. Consequently, all of our results apply directly to this algorithmic environment.
It is worth noting that full obedience is a strong benchmark assumption; we discuss this

assumption and possible relaxations in the next subsection.

Implications. A central implication of the analysis is that recommendation algorithms
can benefit from placing a time-decaying weight on aggregated public information. When
the weight on past actions declines gradually—specifically, at a sub-reciprocal rate—public
information is slowly unlearned. This prevents permanent herding while still allowing infor-
mation aggregation to continue over time, yielding correct limit cascade in the model.
From a design perspective, such an algorithm balances two forces: it tempers the influence
of early, potentially misleading actions, while preserving enough influence of past behavior to
aggregate dispersed private information. In practice, this logic aligns with systems that dis-
count older content and emphasize more recent signals, thereby mitigating incorrect herding

without eliminating social learning altogether.?

29For example, content-ranking and recommendation systems often prioritize more recent actions or ob-
servations and gradually downweight older ones (e.g., recency-based ranking in search engines, news feeds,
or online content platforms).
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7.2 Discussion

The previous discussion relies on some assumptions, which we discuss below.

Full Obedience. We assume that individuals fully trust and follow the recommendation
algorithm. This assumption captures environments in which users face limited time, informa-
tion, or cognitive resources, and therefore rely on a platform’s recommendation as a summary
statistic rather than reconstructing the entire inference problem themselves.?! Empirically,
many studies document that people often defer to algorithmic advice—even when the al-
gorithm is imperfect—due to automation bias and perceived algorithmic authority (Suresh
et al., 2020; Kriigel et al., 2022). The full-obedience case thus provides a natural benchmark
for isolating the informational role of the algorithm. Once this benchmark is understood,
the analysis can be extended in several directions: individuals may partially trust the algo-
rithm,?? strategically interpret recommendations, or obedience could be supported through

appropriate incentives or platform design. We leave these extensions to future work.

No Observation of Private Signals. The algorithm observes only past actions but not
private signals. This distinction between observable behavior and latent private information
is standard in recommender-systems design (Hu et al., 2008). It also reflects many online
environments—such as product purchases, ratings, likes, or flagging decisions—where plat-
forms observe what users do but not their underlying private assessments. One may wonder
whether outcomes could be improved if users directly reported their private information to
the algorithm. While this is true in principle, in practice privacy concerns often prevent
platforms from accessing fine-grained user data even when technically feasible (Goldfarb and
Tucker, 2012). As a result, algorithms often infer information from observed choices alone,

mirroring the informational structure in sequential social learning.

Specific Algorithmic Form. The algorithm takes the power-Bayesian form with decay-
ing a;. A natural extension is to consider a more general framework in which individuals
assign weights to public information not only based on their position in the decision sequence,

but also on the positions of their predecessors. Such an approach would capture settings

2'More broadly, this can be interpreted as an extreme case of limited attention or bounded rational-
ity, in which users economize on cognitive effort by relying on a platform-provided summary rather than
reconstructing the inference problem from scratch.

22For example, one can consider a more general formulation in which

i (0lhi, M) o< f7 (Xi) x 4 [A(hy)] (6),

where ¢ : A (©) — A (O) represents how individuals process or distort the algorithm’s output. A simple
specification is v (p) o p®,where 3 > 1 captures over-trust and 3 < 1 captures skepticism.
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where individuals place greater weight on the actions of predecessors who are temporally
or socially closer to them. Additional extensions could involve stochastic Bayesian weights,
where weights vary randomly, or endogenous Bayesian weights, where individuals strategi-
cally decide how much weight to assign to each predecessor. While these richer formulations
offer greater flexibility, we view the simple, time-decaying algorithm studied in this paper as

the essential first step in understanding the effect of unlearning algorithms in social learning.

Uniform Arrival Rate. For analytical tractability, the model assumes a uniform arrival
rate, with one agent arriving in each period. In practice, user participation on platforms is
often uneven or clustered. When arrivals are non-uniform, the effective speed at which public
information accumulates changes, which in turn may call for adjusting the decay rate of the
unlearning algorithm. We believe, however, that the core trade-off identified in this paper
continues to govern learning outcomes. Extending the analysis to endogenous or irregular

arrival processes is a natural direction for future work.

8 Conclusion

This paper introduces a power-Bayesian learning framework in which the weight placed on
public information varies systematically with an agent’s position in the sequence. We show
that, even with bounded private signals, correct information cascades can arise almost surely
when public information is discarded gradually at a controlled rate. By contrast, discarding
public history too quickly, or failing to sufficiently discount it in the limit, undermines infor-
mation aggregation. These results also carry implications for the design of recommendation
algorithms: applying a slowly decaying weight to past actions can mitigate incorrect herding
while preserving long-run learning. The analysis focuses on a stylized sequential environ-
ment with common weighting schemes and a fixed state. Extending the framework to richer
informational structures, endogenous weighting, or dynamic environments is a promising

direction for future research.
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A Stochastic approximation theory

We first introduce some useful results in stochastic approximation theory tailored to the
context of this paper. Most of the following results can be found in Borkar (2023) and
Benveniste et al. (1990).

A.1 Robbins—Monro (RM) Algorithm

Let {\,} be a sequence of bounded i.i.d. random variables, e.g., the signals in our context.

Suppose that {z,} is generated by the following adaptive algorithm
Zn+1 = Zn + Q41 [H (Zn> )\n) + 8”] )

where z,, € R with z fixed, and €,, = &, (2,,, A,) captures the (possibly biased) noise. Another

way to express the dynamics is

Zn+1 = Zn + Ayt [h (Zn) + Mn—i—l + 571] 5 (12)

where: (1) h(z,) = E (H (zn, A\n) | Fn) is the conditional expectation based on F,, = o (A1, ..., Ap—1),

and (ii) My1 = H (2p, A\n) — h (z,) is a martingale difference sequence.
Assumption 3. h:R — R is Lipschitz continuous.

Assumption 4. {M,} satisfies E (M2, |F,) < Ko (14 22) for some Ky < oc.
Assumption 5. {«,} satisfies > o, = +0o and Y a2 < oo.

Assumption 6. sup, |e,| < K < 400 almost surely and €, — 0 almost surely.

This is the Robbins-Monro algorithm (Robbins and Monro, 1951) with the slight twist
being the noise ¢,, term, which could be biased. Assumptions 3 to 5 are standard assumptions
in stochastic approximation. Assumption 6 ensures that the noise term ¢, vanishes in the

limit. We have the following result.

Theorem 4. Under Assumptions 3 to 6, suppose the ODE

has an attractor z* whose domain of attraction is D*.**> On the event that the trajectory

{z,} wisits a compact set Q C D* infinitely often, z, — z* P-almost surely.

2The domain of attraction is the set of initial conditions z such that z (t) — z*.
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Proof. See Corollary 2.3 in Borkar (2023) for results without the noise. The presence of a

vanishing noise term does not affect the approximation (see Section 2.2 in Borkar (2023)). O

A.2 RM Algorithm With General Stepsize

Notice that if a; ~ ¢ X i as i — 400, Assumption 5 is only applicable for 1/2 < p < 1.

Below are two alternative assumptions:
Assumption 7. {a,} satisfies > o, = +00 and Y af < oo for some p > 1.
Assumption 8. sup, |e,/a,| < K < oo almost surely.

Assumption 7 is more general than Assumption 5, in particular it accommodates cases

where p < 1/2. Assumption 8 requires €, to decay to zero at least as fast as «,,.

Theorem 5 (General Steps). Suppose Assumptions 3, J, 7 and 8 hold. The result in
Theorem / still holds.

Proof. See Corollary 6 in Chapter 2 of Benveniste et al. (1990). O]

B Learning Dynamics in the SA Form

Now, we express this paper’s learning dynamics in the form of (12).

Lemma 4 (Stochastic Approximation Form). Let z; = In (x;). Then, we have

Vi - Zitl = % + (O7AN] [h (ZZ) + Mi+1 + Ei] R

wmm(wh¢w::E(m($ggDLa)(wzmﬂzzm(gggg-h@m(mdamgi:
<L _ )Z‘
e g v

Proof. Tt comes directly from the dynamics of {x;}. O

Lemma 5 (Lipschitz Continuity). Suppose F? is continuously differentiable, then h : R — R

18 Lipschitz continuous.

Proof. Define a function g : (1/7,7v) — (1/7,7), where

g@%:O—Fﬂ@»m(%}%%%>+F%@m(FW@).
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It can be verified that

F(z) (1 = F°(x)) FO(x) 1-F°(x)
/ — 0 1 1 o

/@ =P (G A=) O ) - )
Notice that ?;8, t?;gg € [1/v,7], F*(z) € [0,1]. Since F? is continuously differentiable,
19 is also bounded on [1/7,~]. This implies that |¢’ (x) | < M for some finite M. Notice that

ge?) zeD*

h(z) = . D

where D* = (—In(y),In(v)). Since ' (2) = —¢’ (e7*) e %, so h also has bounded derivative
on D*. Thus, h is also Lipschitz continuous on D*, and let Ly be the Lipschitz constant.
We can show that Lg is also the Lipschitz constant of h over the entire R. Suppose z; € D*
and zo ¢ D*, then there exists a boundary point d € {—In+,In~} that is between z; and

z3. Therefore,

|h(z1) —h(z2)|  |h(z)| _ |h(z)| |h(z1)—h(d)]
’21 —22| o |Zl _22| § ’21 —d| - |21 —dl S LO.

The cases when 21, 20 € D* and 21, 2o ¢ D* trivially satisfy the previous inequality. Hence,

h is globally Lipschitz continuous. O

Lemma 6 (Boundedness). If a; — 0 and ﬁ — a% — 0, then z;, M; and €; are all bounded.

Proof. (i) Since signals are bounded ¢1Ea”"$’g € [1/7,7], so both h and M, are bounded; (ii)

 V(aia

Now we show {z;} is bounded. If {z;} remains in the noncascade set, then it is obviously

bounded. If |z > In (), then |z;41| = 2 [2;| < |2, so we only need to show that the first-
entry into the cascade set is bounded. Suppose 7 is such that |z;_1| < In(vy) and |2;| > In (),
then

R 1 1
‘Zi’§‘2i1’+04i><(h+M)+'< ——) Zi-1

Q1 (%)

Y

where h and M are upper bounds of h and M,. Note that the right-hand side is bounded
since |z;_1| < In(7) and both a; and —1~ — X are bounded. O

Qi—1 (673

~

Remark 3. Suppose a; ~ ¢ x i? with p € (0,1), then: (i) a; — 0 holds, and (ii) = — -

i Q41
_E,[:p—l’ SO L
c Qi1

— ai — 0 also holds.
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C Proofs

The proofs are organized in an order different from the main text. We first prove the
results for continuous signals (Theorem 2 and Theorem 3), since they align more closely with

standard form of stochastic approximation. We then prove all results for discrete signals.

C.1 Proof of Theorem 2

Proof. We first check all conditions of stochastic approximation hold. Since F? is contin-
uously differentiable on [1/v,7], h is Lipschitz continuous by Lemma 5, so Assumption 3
holds. When p € (0,1), both z and signals are bounded, M is also bounded by Lemma 6
and remark 3, so Assumption 4 holds as well.

To check the conditions for noise £;. We consider the following two cases:

e Suppose p € (1/2,1), then Assumption 5 holds. ¢; = (i -1 > zi = C (1P — (i+ 1)) z.

o g1
Since z; is bounded, * — (i + 1)” ~ —pi*~!, we have g; &~ —Cpi*~'z; — 0, so Assump-

tion 6 holds, and hence the conditions of Theorem 4 hold.

e Suppose p € (0,1/2], then Assumption 7 holds. Moreover, ¢;/a; ~ —%ZQP_IZZ- =0(1)
when p < 1/2. Assumption 8 also holds, thus the conditions of Theorem 5 hold.

Now, we examine the properties of the following ODE

<0 when z € (—In(y),In(y)) '
=0 when z ¢ (—1In(y),In(v))

Let D* = (—In(v),In(y)) and 2* = —In (7). Notice that for any 2 (0) € D*, z (t) — z*, so

D* is the domain of attraction. Theorem 2 then comes directly from Theorems 4 and 5. [

C.2 Proof of Theorem 3

The proof proceeds in the following three steps:

Step 1: Approximate the Untruncated Dynamics Using ODE

Definitions. Let t; = 23:1 «;, which is referred to as the actual time of the algorithm
for individual i. Let i[t] denote the minimum ¢ such that t; > ¢, called the t-th threshold
individual. We let

r={i2""  k=1,23,..}.
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For individual 7, = ¢ [2’“*1] Jif ;& [1/v +€,7 — €], truncation happens with probability py.
If truncation happens, the next period public belief z;, 11 € {1/7+ ¢, — €}, so it escapes
the d-neighborhood of 1/v for small 6. Since > p, = o0, such escaping happens almost
surely—therefore, it is impossible that x; converges almost surely to 1/ as in the discrete
case. The goal of the proof is not to establish almost sure convergence, but to show that the

fraction of x; outside of Bjs(1/7) is zero in the limit.

Stochastic Approximation. Suppose x; 11 € {1/7+¢,7 —¢e}. Consider the following
ODE
2k (1) = h (2 (t)) , where 2, (0) = In (24, 41) -

Since z (0) is in the attraction area of In (1/7), we have zj (t) — In (1/v) as t — +oo. Thus,
for any ¢ > 0, there exists T' < oo such that for all k£, we have:

2 () —In(1/7)| < §/2 Vt>T. (13)

Notice that when i € [i + 1,i,41], the dynamics of z; are untruncated as in the standard

case. The theory of stochastic approximation implies that

]P’( sup ‘zi—zk (ti—Qk_l)’ >(5/2> < Qk,

’L'E[’L'k-i-].,ik.+1]

for some sequence {Qy} where Q) — 0 as k — +00.%

Step 2: Prove That = >°" P (|z; —In(1/7)| > 6) — 0.

Main Idea. We first explain the main idea of the proof. For each k, we define
Lo={in+ 1, iy = {i [271] +1, .0 [2"] .
We divide [ into two parts

=2 +1, i 25 4+ T}, and I = (i 25+ T] + 1,0 2]}

24Tn fact, Q) = C' Y isy, af, where C'> 0 is a constant and p is such that }7; af < oo (see Corollary 5 in
Chapter 2 of Benveniste et al. (1990)).

30



When i € I}, we have t; — 2871 > T so we have |zk (ti =21 —In(1/7)| < 6/2 by (13),

which further implies

supP(|z; —In(1/7)| >0) <P (su[l) |zi —In(1/7)] > 6) < Q-

iel} i€l

Note that as k — +00, the probability of |z; — In (1/7)| > d vanishes for all i € I}. The only
case where |z; —In(1/7)] > § can happen with non-vanishing probability is when i € I?.
The idea of the whole proof relies on that when k is large, the size of I} is negligible relative

to that of I}, so the pattern in I} dominates.

Formal Argument. We now provide formal arguments. For any n, suppose t, € Tx =
(2571 2X]. Then, it can be written as n = i [257'] + m where 0 < m < ¢ [2K] — ¢ [2571].

We can divide the first n individuals into the following groups:
{1,2,..n} =L UL U..UIg U{i[25] +1,...,n},

where Iy = {1,...,i[1]}. We further define [° = UL I? and I' = UK I}, Let P, =
P(|zi —In(1/7)| > 6), then

—ZP< ZP+ ZP+ ZP

1610 zGIO 2611

The first term £ 3. 1, i — O since } 7, P; is fixed. We now consider the next two terms:

1 ZP <lim - Sicad [T i 2] S i [ ] i 2]

£ 2K +m = i [251]

Recall that i [251] = min{i ey > zk—l} and a; ~ ¢ x i~? with p € (0,1). Then,

i [2"3_1] ~ (- 2]1%1) for some constant C; when £ is large. Therefore,

~Cy-27K 50 as K — 400,

where Cy > 0 is a constant. For the third term:

_ZP’—| 1|ZP

iell iell

31



Suppose i € I}, then P; < Q, so
|11|Z z_ul S0+ Qx| =0 as K - too,
iell iel} iell

where the limit comes from Cauchy’s limit theorem and the fact that @ — 0 as k — +4o0.
As a consequence, % Yo, P—0.

Step 2: Prove That the Expected Fraction E[J,| — 1.
Next, we estimate the expected fraction of correct actions. Note that for all 6 > 0,

P(a; =0) > P({|zi —In(1/7)] < 6} n{N <ve’}).

Taking the time average, we obtain

1”
P(a; =0) > F° =Y P(lz —In(1/7)] <9).
Z (™) xR (s =1/ <0
Since £ > P (|z; — In(1/7)] < 8) — 1, we have

lim inf E[¢,,] —hmmf—ZIP’ 0) > F°(ve™®) (1+0(1)).

The argument holds for all 6 > 0, so

lim E[¢,] = lim —ZP

n——+oo n—+oo N,

1-E|

By Markov’s inequality, P (|9, — 1| > €) < TM — 0 for any € > 0, so ¥,, = 1 in probabil-

ity.

C.3 Proof of Theorem 1

When signals are discrete, standard tools of stochastic approximation are not longer available,
so we use different techniques to prove the case where signals are discrete. Notice that when
signals are discrete, tie cases are not probability-zero event. Throughout the discussion, we

impose a tie-breaking rule that individual chooses action 0 when indifferent, but this choice
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is nonessential.??

Preliminaries

Suppose that the support A = {A, A2 ... A"} with vy = A1 > A2 > ... > \" = 1/y. We
assume 1 € A for convenience.?® We divide the interval D = (1/v,7v) into n — 1 disjoint

zones:
Zy = (U7, 1N, Zy = (1N 1N, oy Zg = (/X2 1/ N, Zea = (1A 9),

andlet Zy = [0,1/v] and Z,, = [y, +o0]. Let T ={1,2,....,n—1},andlet T~ ={r €T : Z, C (0,1)}
and T+ ={r €T :Z, C(1,00)}, which are indexes of zones below and above 1, respectively.

We have the following facts.
Fact 1 (Equilibrium Strategies). Suppose x; € Z, where T € T, then

1 if A €ST={N, .7
a; = s
0 if\eS;={1/y,..., 7"}
where ST represents the set of signals such that individuals will choose action a when z; € Z,.

Fact 2 (Dynamics of x;). Suppose z; € Z, where 7 € T, then

Qi1

In (Ii—i—l) = In (JZZ) + a1 X XZT,

%

where

. P! (S7)
Xi = Zh’l lw} X 1{>\i655}7

acA

where P? (S7) denotes the probability that \; € ST under F°. Here, X] represents the incre-
ment of log public likelihood ratio when xz; € Z..

The formal proof proceeds in the following three steps.

25Different tie-breaking rules only affect our definitions of Z; below. Under the assumption that individuals
choose action 0 in tie cases, Zx’s in the noncascade region take the form of (a,b]. In other cases, if we impose
a tie-breaking rule that individuals choose action 1 in tie cases, then it takes the form of [a,b). If we impose
a tie-breaking rule that individuals follow the public belief (as in the main text), then Z; takes the form of
[a,b] below 1 and (a,b) above 1 (also we need to impose a tie-breaking rule right at 1), which is a bit tedious
in notation. Notice that although the tie-breaking rule we adopt in the appendix is different from that in
the main text, the asymptotic results are not affected.

26This is also without loss of generality. Suppose 1 ¢ A, we simply let the probability on 1 be zero. The
sole purpose is that for any zone Z;, it is either above 1 or below 1.
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Figure 7: General Signal Space

Step 1: P (mz < % happens infinitely 0ften> = 1.

The proof idea is to show that x; can transit in the following trajectory:
Lin —>Lin1—> Lipy_o — ... = L1 — Ly,

with every step happening with some probability bounded away from 0, as illustrated in
Figure 7. In other words, x; can transit from C} to Cy with strictly positive probability.

For each v € I, and 7 € T, we define an event

£ = {MF(X") < —6:Vk >i}, where § >0,

where MF (X7) = %Z;Jj_l X7 represents the k-moving average starting from individual
1. The event means that the moving average starting from i is always less than —¢. Since
X]’s are i.i.d., applications of Hoeffding’s inequality yield that there exists d, ( > 0 such that

P (5?’7) > ( for all i and 7 € T (See Lemma 16 in Appendix D).

Lemma 7 (Bound for Transition Probability). There exists I > 0 such that for all i > I

and oll T € T, we have
P (2 € Uprer Zyo for some k > 0|lx; € Z;) > P (Ef’T) > (> 0.

Besides, conditional on that x; € Z, and on event 5{5’7, there almost surely exists some k > 0

such that T € Uprer .
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Proof. Suppose that z;, z;11, ..., Ti1k—1 € Z,, then we have:

In (z;4x) = Qitk 1y (z:) + ek x MF(XT).

2

Consider the following two cases:

Case 1: 7 € T+. In this case, x; > 1, so In(z;) > 0. Let I; be the cutoff such that «; is

monotonic after ¢ > I;. When ¢ > [, % <1, so0

In (254 5) < In(z) + apph x ME(XT)
< In(2;) + ik % (—6)  on event 7.

Therefore, we have In (z;,1) < In(z;) on event Sf . In other words, z;,; is always smaller
than x; on event 52-5 ", s0 it cannot increase above the upper boundary of Z.. On the other
hand, z; 4, cannot stay in Z, forever; otherwise, we have a; xk X (—0) — —o0 as k — 400,
which implies z;,;, — 0, leading to a contradiction. As a consequence, there must be some

K < oo such that z;, g < A7, i.e., x;,x must enter some 7. with 7/ < 7.

Case 2: 7€ 7. In this case, In (z;) < 0, implying that £ In (x;) > In (x;), so we cannot

use the same approach as in Case 1. We notice that

In(zik) = Oéz;k In (7;) + qiprk X Mf (X7)

— In (i) + qisek {Mf (X7) — ( L k;) In (xi)l |

ko g,

As i — 400, we have

MF(XT) = ( ! ! ) In (2;) = MF(XT) - C (W) In () .

ko, ko k
Notice that g (i, k) = W is a decreasing function in k, so ¢ (i, k) < limg_0g (i, k) =

pi*~1. Note that M¥ (X7) < —§, and pi*~! can be made arbitrarily small when i is large. Be-
sides, |In (z;) | < L,. Therefore, we can find I, such that M¥ (X7)— ( L L ) In(z;) <0

kot " ka;

for all i« > I, and & > 0. Therefore, we have In (z;,x) < In(z;) on event 55’7 when i > Is.
Following the argument in Case 1, we can show that z;,; must enter some 7, with 7/ < 7
as well.

Combining these two cases, we obtain Lemma 7. O
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Figure 8: Illustration of an Upcrossing

Since «; is decreasing, z; € (1/,) infinitely often. Lemma 7 implies that
Vi: P(xir < 1/v for some k > 0|F;) > (" > 0.

By Levy’s extension of Borel-Cantelli Lemma, we have x; < % happens infinitely often with

probability 1.

Step 2: For large i, P (wi+k < %%— e for all k£ > 0|z; < %) > 0 for all small ¢ > 0.

Next, we show that x; will remain in the e-neighborhood of Cj with positive probability. We

first introduce the concept of the upcrossing:

Definition 4. A chain z;.;14 = {z;, 11, ..., Tj+,} consititutes an upcrossing from a to b if

i1 < a, Tj, ..., Tipp—1 € (a,b) and x4 > b.

Notice that for x; to escape from the e-neighborhood of Cy, it must experience an up-
crossing from % to %+5 during which it never falls back into Cy (illustrated in Figure 8). We
are interested in small &, so we assume 1/7 + ¢ < 1/A?. Next, we show that such upcrossing
cannot occur infinitely often.

For any s, L > 0, we refer to the upcrossing xs.si1 = {xs, ..., xs1} from 1/ to 1/v + ¢
as (s, L)-upcrossing, where s denotes the starting point, and L denotes the length of this

upcrossing. We define

s+L—1 1 Sl
Z ! where X1 Zln{ 31 } X 1y, esty

acA

where €2 (s, L) denotes the increment of the public log-likelihood ratio during the (s, L)-

upcrossing.

Lemma 8 (Increment of Public LLR). There exists A, B > 0 such that Q (s, L) > A/as —

B/agsyp when s is sufficiently large.
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Proof. We first note that when an (s, L)-upcrossing occurs,

s+L—1

In(zs1p) = Aol (xs) + s X Q(s, L), where Q(s, L) Z X;.

S

Rearranging terms, we have

00 = o - e = In (L) - Ln (L)

Qi Qg O T

1 1 1 1 1 1
Z—In( )— 1n< )_—XA— x B,
Qg 1/v+¢/2 sy, 1/y+e¢ Qg i1,

where A = In (W) > B = 1n<1/71+a
1>, >1/y+¢eand z, < 1/y+¢/2 < 1 when s is large.” O

) > 0. The inequality employs the fact that
Lemma 9 (Probability of (s, L)-Upcrossing). Let P (s, L) denote the probability of an (s, L)-
upcrossing. When s is sufficiently large, we have:

P(s,L) <exp(—Cs") when L < L(s),

and
P(s,L) <exp <—C’L> when L > L(s),

where C,C > 0 and L (s) is some threshold L depending on s.

Proof. When s is sufficiently large, Lemma 8 implies that

L
X B) =P (ij > Cy5” — Cy (s+L)P> ,
j=1

1
P(s,L) SP(Q(S,L) > — xA-—
Qg st

where C; = A x ¢ > Cy = B x ¢ > 0 are constants for some ¢ > 0.

Denote N
R(s,L)=C1s" —Cy(s+ L) = {C’l — (Y (1—1—;) ] ,
then
L P
R(s,L)>0 ifandonlyif C;—Cy (1+ —) > 0.
S
That is,

L < <01> 1.
Cy

2TRecall that s is the first individual during an upcrossing. The stepsize goes to zero as i — +00, S0 T is
very close to 1/v when i is large.
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Fix k € (0, (%>; - 1). Whenever £ < k, we have R (s,L) > 0. Define L (s) = |xs].

L
Next, we consider the bounds on P (Z R (s, L)) for cases where 1 < L < L(s) and

L > L (s) separately.

Case 1: 1 < L < L(s). In this case, R(s,L) > 0. First, X' is bounded and can be
included in a set [m, M]. Second, R (s,L) — LE (X}) > 0 because E (X!) < 0. Then, we

J
can apply Hoeffding’s inequality and obtain:

(ZX1>R3L) (le LE(X}) > R(s,L) - LE(X})>

3 2 (R(s, L) — LE (X))
=P L(M m)?

where 1= |E (X})| = —E (X}) > 0. Since 1 < L < L(s) = |xs], then
L L L\"” L\"”
—S/i:l—f—ggl—f‘liﬁ 1—}-; S(lﬂ—li)p:Cl—Og 1+§ 201—02(1+Ii)p
Therefore, for all 1 < L < L (s),
L P
R(s, L) =s" [Cl—Cg (1+§> } > (C's,
where C'= C; — Cy (1 + k)" > 0. Hence,

R(s,L)+ Ly > Cs”+ Ly > 0,

implying

(R(s,L)+ Lp)®> _ (Cs?+Lp)*> C%s*

> = L+2uCs”.
L = L e
Consider this as a function of continuous L > 0. Then, it is minimized when L = . This
yields:
L)+ Lu)?
min (F(s, L)+ Ly) > 4uC'sP.
1<L<L(s) L
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Thus,

P(s,L) <P (Z X!'> R(s, L)) < exp (—(;"&) = exp (~Cs")

2
i=1 —m)

where C' = (Msf:;)Q > 0.

%. We then have

Case 2: L > L(s). Thatis, L > |ks|,sos <
1 P
Cy (S + L)p < (Y (E + 1) LP.
Thus,

R(s,L)+ Lpu=C1s"—Cy(s+ L)+ L

1 P
>018p—02 (E—i‘l) Lp—i‘L,U,

o
=Cis"+ L (M—CQ (1+1) L”_l) )
K

Since L/~' — 0 as L — oo for all 0 < p < 1, then there exists some threshold Ly such that
for all L > Ly, Co (2 +1)” LP=* < £ Therefore, for all L > max {Ly, L (s)},

R(s,L)+ Ly > Cys” + %L > gL.
When s is sufficiently large, L (s) = |ks| > Ly, and therefore,

R(s,L)+ Ly > gL forall L > L(s).

From Hoeffding’s inequality, we get that when s is sufficiently large,

L
P(s,L) §P<2X;+Lqu(S,L)+Lu>

J=1

L
gP(ZXjJrLuz gL>
j=1
2(5L) )

= exp (‘m

= exp (—GL) ,
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where C' = > 0. O

M m)?2
Let P (s) denote the probability of the event that an upcrossing starts at s. Lemma 9

implies that when s is large,

P(s)=P <Uz°_1 {ZX; > (C1s” — Coy (s + L)p}>

zz (Z;11>RSL>+L§S (ZX1>R3L>

For the first term:

L(s)

ZP(ZXl > R (s L) <Zexp C’sp </<:sexp (—C_'sp).

For the second term:

P (ix; > R(S,L)) <Y e (—éL)

L>L(s) Jj=1

Since L (s) + 1 > s, then

Z P (ZXl > R (s L) 1_1606_0’“.

L>L(s) j=1
Therefore,
) s* [e'S) . 9] 1 ~
P(s) < P(s)+ ksexp (—Cs”) + _e” 9" < o0,
; ( ) ; ( ) s:sz*-i-l ( ) szsz*—i-l 1—e@

where s* is finite but large such that L (s) > Ly for all s > s*. So, the probability that an

upcrossing from 1/ to 1/v + € occurs infinitely often is zero by Borel-Cantelli lemma. In
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other words,

1 1 N
]P’(:vzurk<—+5f0rallk20|xi§—> 21—2P(s)—>1asz‘—>~l—oo,
v v s=1

so z; remains below 1/v + ¢ with a strictly positive probability when i is large.

Step 3: r; converges to % almost surely.

Let G. = {xz < % + ¢ for all ¢ sufficiently large}. From the last step, we know that there
exists o > 0 such that P(G.|F;) > 0. By Levy’s 0-1 law, P(G.) = 1. This implies that

limsup z; < % + ¢ almost surely. On the other hand, we also have liminf z; = 1 /7, since: (i)
i——+00
the stepsize a; decreases to zero, and (ii) x; keeps increasing once it falls below 1/, so the

smallest z;—which is obtained at the first entry of Cp—becomes arbitrarily close to 1/ in

the limit. In summary,

1
— = liminfz; <limsupz; < — +¢.

Since £ > 0 can be arbitrarily small, we have z; — % almost surely.

C.4 Proof of Propositions 2 and 4

Recall that
Zig1 = 2 + i [h(z) + Miyy + &)

Since g; = (L — ) 2, ® —Cpi?~'z;, we can rewrite the process as:
(%) Qi1 ’

Zig1 = Zi + iy [h(20) + My ] + %‘1:{75% (14)

where n € (0,1/p — 1] and &; is bounded. Define e¢; = z; — In (1/v). We have the following

lemmas:
Lemma 10. |¢;| X 1i;,<in1/y)} = O (a;) when i is large.

Proof. Suppose z;_1 > In(1/v) but z; <In(1/v). Then, H (z;, ;) = h(z) + M;11 = 0, and

Zi+l — R —p/’L
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Let’s then consider the minimum value of z;:

%

1

> (1—02

Zic1 + o H (221, Ni1)

1—1
1

17—

> Zi1 — ClOéZ', where CLCQ >0

> (1 — Oy 1> In(1/7) — Cia;

1

17—

=In(1/y) - (01%' — Oy 1 In (7)) >In(1/7) = Cros,

Suppose 211, ..., Zzirx € Co, then

7

Atk i g
Zipk = 2 > T [In(1/7) — Chay].

Let K (i) be the maximum steps for z; to stay in Cy. It must satisfy

Therefore
i p In (v)
i+ K((i)) ~ In(y)+Cray
This implies
1

<1 i K—“) <Clagt 12 K (@) < ([Ca+ 107 —1) i = K (i) = 0 (7).

where C” is a constant. For any k € {0,1,..., K (i)}, we have k/i = O (i) = O («;). Also
note that for all z;,, € Cy,

o= s~ (1) 2 (g ) Wnl1/2) — Cual ~ (1),
which implics that
il < (1= 75 +o (4) ) a1 - o - iy

k k
< ’ [—p; + o0 (;)} In (Uv)‘ + Chay
— C”Oéi,
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where the last equality comes from % = O (i7°). So, we have |e; ;x| = O (a;) for any k. That

i

is, |e;] = O (o) for all 7 such that z; € Cj. O

Lemma 11. When signals are discrete, there exists § > 0 such that

h(z) < =0(z—In(1/7)) (15)

for all z < In(vy). When signals are continuous with f°(v) > 0, for all € > 0, there exists
d > 0 such that (15) holds for z <1In(y) — e.

Proof. When signals are discrete, there exists some constant ¢ > 0 such that h (z) < —c for
all z € (In(1/v),In(y)) and A = 0 if 2 is less than In (1/7). The lemma holds if we choose §
to be sufficiently small.

When signals are continuous, we have h(z) < 0 for all z € (In(1/v),In(y)), and h(2)
diminishes to zero as z — In (1/v). Notice that

W (In(1/7)) = =7f(7) (y =1 =1n(y)) <0,
because f! () /f°(y) =+. So, when z € (In(1/7),In(1/v) + ;) where &, is small, we have:

h(z) =h (In(1/7)) (z =In(1/7)) + o(z = In(1/7)),

h(z)
=—In(i/7)
is also strictly negative on [In (1/v) 4+ 1,In () — €], so (15) holds for all z <In(y) —e. O

which satisfies (15) for some small 6 > 0. Since h is continuous, so the minimum of

Lemma 12. For any compact set Q C [In(1/v),In(v)) and any € > 0, we have:
E (¢/1zieqp) = O (i)
when i is sufficiently large. When signals are discrete, we can let @ = [In(1/7v),1In(v)).

Proof. From (14), we have:

2 2
€iv1 — € + 2ai+1€ih (ZZ) + Qai—i-leiMi-l-l

2
+ 261‘043;77&‘ + %2+1 [h (%) + M1 + 04?+1f¢} .
If z; € @, then by Lemma 11,

ey < (1= 20041 + Diodyy) € + (20u Moyt + 20576) e+ H (21, M) oy + o 177E
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where §, D; > 0. So,

E [ z+11{zz+1€Q}} (1 — 2041 + Dlo‘z+1) E [e 1{%6@}] + Dy min {aerl? 12+1} )

where Dy > 0.
To estimate the convergence rate, we follow the approach of Benveniste et al. (1990).%8

Suppose that if we can construct sequence {u,} with u, = Ao’ that satisfies
Upp1 > (1 — 20041 + Dlalﬂ) U, + Dy min {O‘z+1 , ?H} (16)

for all large n. Then we can fix a large N such that E [e?Vl{ZNeQ}} < )\a]ﬁv. Then

E [6N+11{ZN+16Q}] < (1 — 200N 41 + D104N+1) E [eNl{ZNEQ}} + D; min {aN+17 0‘N+1}

/\ozN+1,

and by induction, we have E [e21y.,cqy] < Aol for all n > N.
Now we show that such sequence {u,} exists. The sequence must satisfy the following

condition:

)‘O‘n+1 > (1 — 200,41 + DlanH) )\a + Dy min {anH, iﬂ} ,

which can be rewritten as

A <C¥§+1 a +Oén+104 (26 — D1Qn+1)) > Dy min {an+17 Z+1}-

That is, we want to see if there exists # such that

A y al | —af + an10f (20 — Dianyy) .
. . 1+ =
D, min {1, 02, }

Suppose 1 > 1, then the left-hand side becomes

A Opy1 — 08 + a0 (20 — Dioya) _ A iy — f N ay (20 — Div1) Lo
Dy 1+n D, 149 o

28In Part II, Section 1.10, the authors employ a similar construction of a sequence u, in the proofs of
Theorems 22 and 24.
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for any 8 < 1, so the sequence exists. Similarly, suppose n < 1, then min {aiﬂ,ai +1} =

o2, and
A " agﬂ —al + ap108 (20 — Dy ) oo
D, i
for any 8 < 1. In summary, when n is large, we have:
E [enlzeq)) = O (on)
for any § < 1. m

Propositions 2 and 4 then follow directly from Lemmas 10 and 12.

C.5 Proof of Proposition 3

Proof. From Theorem 1, z; — 1/~ almost surely. When x; stays below 1/v, P (a; = 0) = 1.
When z; stays above 1/ and sufficiently close to it, P(a; = 0) = F°(y~) since only the
individual who receives the strongest opposite signal would choose action 1. Therefore,
liminf; P (a; = 0) > F°(y7), thus

1
lim inf E¢; = liminf — ZP(CM =0) > liminf P (a; = 0) > F" (fy*) ,
3 i 1 %
=1

which establishes the proposition. O

C.6 Proof of Proposition 5

Case 1: p <0.

¢1 (@o0sToc) __
¢O(a007xoo) o

Besides, we can show that both x,, € Cy and 2, € C; happen with positive probability. To

Since a; — +00, if T4 is a limit point of {z;}, we must have 1, ie., o € C.%

see that, consider the case where a; = ay = ... = 1. Then

In (z;) = a; gln {2;22—;:2” > a; X In {%] =o; X1n {%},

¢t(a1,71)

where the inequality comes from that Dlarzy) > 1 when a; = 1. Since oy — +oo and
% > 1, there exists some I < +oo such that x; > 7, i.e., an action-1 cascade occurs

29Quppose otherwise, then there exists ¢ > 0 such that ; € (1/v +&,7 — ) infinitely often. Note that the

1
absolute value of X; = In [iogzgiﬂ is bounded away from zero. When «;41 is very large, x;41 will enter

the interior of the cascade set and never go out, contradicting z, ¢ C.
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almost surely. Here, we can choose I adequately large such that «; is increasing after I,
so z; is also increasing, and hence it stays in C! forever. The probability of I individuals
taking action 1 is positive, meaning that z., € C' happens with positive probability. The

argument for z,, € C° is symmetric.

Case 2: p=0.

We rewrite the dynamics of x; as follows:

! Qg, T
In (zi41) = In (z;) + it In {%} +&iv1,  where &4 =

Qi 7Y ()
).

Define o; = 2222 ¢; and w; = In (z;) — 0y, then {w;} satisfies the following:

1. .
Wip1 = W; + i1 X In [M] )

P (az’, xz)

since E [ln [%} |]-"1} < 0, {w;} is a supermartingale. When p =0, a; — ¢ € (0, 400),

so x; is bounded by some constant My < +oo. Therefore,

Qg — Q1

has the same order as "9~ when

Since |o; — ¢| has the same order as 79, we have

i is large. Therefore, Y >°, || is finite, so o; is also bounded. Since {w;} is a bounded

G —

supermartingale, it converges almost surely. Note that {o;} is absolute convergent (hence
convergent), so x; also converges almost surely. Since «; — ¢ > 0, the limit point z., can
only be in the cascade set, so a limit cascade occurs almost surely.

The supermartingale property implies that Eln (zo) < In(z1) = 0, so o, € Cy with
positive probability. Next we show that z., € C; also with positive probability. Choose a
constant ¢ such that ¢a; > 1 for all i. Notice that {z;} satisfies:

") P [¢1 (azs%')

xX; =x X
i+1 i ¢0 (aiyxi>

Yot
} x exp (V&it1) -

Define y; = 2V / exp (¢0;), so {y;} satisfies

Yot
le (ai’ xl)

i =Y; X | —F/—F< .
Yi+1 Y |i¢0 (ai, xz)
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Since ¥ ;1 > 1, Jensen’s inequality implies that

o ([Sles] ™) » (2 (Glin)) ™ -

so {y;} is a submartingale. Since exp (1c;) is bounded, y; also converges almost surely, and

we must have Ey,, > y; = 1. This implies that z,, € C; with positive probability.

C.7 Proof of Corollary 2

Lemma 13. There exists K < oo and § > 0 such that P(x; x € Clo; ¢ C) > § for alli.

Proof. Suppose x; ¢ C, then the strongest signal  (or 1/7) will induce individual i to choose

action 1 (or 0). Given x; > 1 and that a; = ... = a;45_1 = 1, we have
cith itk—1 N s itk— 1 @
Tipp, =x; " X ¢0 1, z;) H
=i ¢ (ij) j
1-F (/)"
>\ = if 1y ceey Litk— Ca

where a = inf; a; > 0, and the first inequality comes from z; > 1, and the second inequality

comes from
o' (Lxj) 1-F'(1/z))
¢ (1,2;) 1= FO(1/x;)

is decreasing in x; (see Lemma A.1 in Smith and S¢rensen (2000)), so we have

¢ (Lz;) | 1= F(1/9)
P (Lz;) = 1= (1/)

=0 > 1.

Therefore, after at most K; = % loggﬂ steps, we have x;, 5, > 7, so a cascade of action 1

is triggered. Symmetrically, given x; < 1 and that a; = ... = a;,x_1 = 0, we have
. ik— Qj+k
e X ﬁl ¢' (0, ) :
Titk = X4 SN SN
i+k—1 1 o
¢ (07 xj) ka .
<1x —— o <Ot if e xig € C,
[ }_[z ¢0 (07 xj)

where 0y = Flg )

< 1. Then, after at most Ky = [ log /7} steps, we have z;,x, < 1/7,

=

so a cascade of action 0 is triggered. Note than when x; ¢ C, a sequence of consecutive
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K = max {Kj, K»} signals v (or 1/7) will trigger a sequence of action 1 (or 0). Let the
probability of realizing K signals being ¢, then we prove the lemma. m

Lemma 14. If «; s increasing, an information cascade occurs and persists forever P-almost

surely, and both correct and incorrect cascades occur with strictly positive probability.

Proof. Suppose «; is increasing. When z; € C, then
s [0 )|t [z meq,
Tiv1 = T4 toX G =z, ‘ ,

¢ (ahxi) <z z; €y

so x;41 € C' as well, which implies that the public LLR will remain in the cascade set.
Lemma 13 implies that the probability of entering a cascade set is uniformly bounded away
from 0. Standard Borel-Cantelli arguments show that an information cascade occurs almost
surely. Finitely many signals can trigger a cascade, so both cascades will emerge with positive
probability. O]

Lemma 15. If p =0 and «; is decreasing, the result in Lemma 14 still holds.

Proof. The nontrivial part is that with decreasing «;, we can no longer guarantee that xz; € C'
implies z;,1 € C. However, we notice that

iyl
Tipn— 2, =x;" —x; = 0asi— 400.

Therefore, when i is adequately large, even if x;,; falls outside of the cascade set, it is very
close to the boundary, 7 or 1/v. Without loss, suppose x;1 1 > 7 — &, where ¢ > 0 can be

arbitrarily small. Suppose that \;;; = . When i is sufficiently large, we have:

s [1=FL /)] 1-F'(1/7)
_ a;+1 ~
e T ll—FO(l/v) ST TR (1)

]> (v —¢e) x Qf.
Therefore, we have:

Tiga —y > (QF — 1)y —eQf = A
Note that Qf > 1, so we can choose € > 0 such that A > 0, then z;,5 > v+ A, and

w
Zit3 @43

Tivs = Tiypg” > (v +A)%t2.

Since a; — a > 0, for all £ > 0, there exists I < oo such that |a,,/a, — 1| < & whenever

m,n > I. We choose £ =1 — log%A7 then when ¢ is sufficiently large,
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Xi+3

Tivg > (Y +A)7H2 > (v + A) T =,

so ;43 € C1. Suppose .3, ..., Tik_1 € C1, then
Litk itk

Tirk = T8 > (VHA)T R > (y+A) T =,

so x; stays inside the cascade set forever. In summary, when i is sufficiently large, even if
x;11 falls outside of ', another signal can bring it back to the cascade set and make it stay

there forever. Formally, we define e-cascade sets as follows
Co=10,1/7+¢, Ci=[y+e+o0],
and C° = C§U Cf. From the previous discussion, there exists some € > 0 such that when 1
is sufficiently large, one of the following three cases holds:
1. If x; € C°, then z;,; remains in the cascade set C' for all £ > 0;
2. If z; € C, but 2,41 ¢ C, then a single signal will bring z; » to C¢;
3. If x; ¢ C, finitely many signals will bring x; to C', and we have either case 1 or 2.

In summary, there exists K < oo such that when ¢ is sufficiently large, the probability of
x;+x entering C' and staying forever is bounded away from 0. Standard 0-1 arguments yield

the result in Lemma 14. O

C.8 Proof of Proposition 6

1/

Proof. Suppose «o; = « for all . Then, the public likelihood ratio [; = z;”" is a martingale,

so it almost surely converges to a finite random variable [,,. Therefore, z; also converges to

some limit x, almost surely, and we have

E(zY*) = E(ly) = lim E(I) =1,

0 .
1—>+00

where the interchange of limit and expectation comes from the boundedness of /;. Note that

we must have x,, € Cy or o, € C] in the limit. Therefore,

1—/‘ ngP+/’ zdP > 0+ P (24 € Cy) x Y2,
{z0€Co} {zc€C1}
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so P (2, € C;) < 4~/ From Proposition 5, an information cascade almost surely occurs
when p =0, so
pla) =P (20 € Cp) > 1 — Ve,

That is, the probability of a correct cascade is greater than 1 — =Y. As a — 0, we have
1 -y Y =1, thus p(a) — 1. O

C.9 Proof of Proposition 7

Proof. For any ¢, we have
it i Qg1
hLl Qb aknxk:) . . ¢1 (a/kaxk)
i1 = 21" 0 ( - H 0 '
(a, xk) i} (ak, k)

where the equality comes from the flat prior assumption, so z; = 1.3 Since \; € [1/7,7],

and

P o= TG e=t
Fe(l), a=0

T

so we have % € [%, ’y} for all 4, and hence

(Zﬁ ) Qit1 1
) o A, Tk i1
Ti4+1 = [H 0 ak, LEk ] € |:7iai+1 Y .

Since p > 1, we have lim; , . ta;;;1 = 0, which implies that x; — 1 as ¢ — +o0o. Thus, in
the limit, all individuals will only act according to their own signal, i.e., they choose action

1 whenever \; > 1 and action 0 otherwise, so there is no information aggregation. O]

D A Maximum Inequality

In this section, we present a maximum inequality that we used in the proof of Theorem 1:

Lemma 16. Suppose that X1, X5, ... are bounded i.i.d. random variables. Then,

Ve>0: P(X,—E(X)<e foralln>1)>0,

@ip1
30This is non-essential. For general x1, we have x, !
applies.

~ 1 when ¢ is large enough, and the same argument
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where X,, denotes the sample mean of random variables X, ..., X,,.

Proof. Fix any € > 0. From Hoeffding’s inequality, we have:
P (X, —E(X)>¢) <exp(—Cn) for some C' > 0.

Therefore,

ZP(Yn ~E(X)>e¢) < Zexp(—C’n) < 00,
which implies P (X, — E(X) > ¢ i.0.) = 0 from the Borel-Cantelli lemma. Therefore,
P(Up {X, —E(X)>cforalln>k}) =1

The continuity from below of the probability measure implies that there exists some k& such
that
P(X,-E(X)<eforalln>k)>0, (17)

and we choose k to be the smallest number that satisfies the above inequality.
Suppose k = 1, Lemma 16 holds automatically. Next we want to show that k£ cannot be

greater than 1. We proceed by contradiction. Suppose that k& > 1, and we define:
E={x €[a,b]” :7, —E(X) <eforalln>k}CR™

where T, = £ 3" | x; and [a,b] is the range of X. For any sequence & = (21,2, ...) € R,
we define Proj,, () = (zk, Tk41, ...), which is the subsequence of x starting from the k-th
term. We further define:

H = {Proj,, (z) : ¢ € E}

and

G= {(ml,..,xk_l) €la, b 'z, —E(X)<eforalln=1,2 . k— 1}.

For any g = (g1, ..., 9xk—1) € G and h = (hy, hs, ...) € H, we construct a new sequence:

T = (917927 '-'7gk717h1,h2, ) € G x H.

By construction, whenever n < k — 1, we have:

7, ~E(X)=7, —E(X) <e.

n

Suppose that n > k. Then, by the definition of H, h is associated with some (Z1,..25_1) €
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[a,b]" " such that the combined sequence & = (i1, ..24_1, h) satisfies: (i) &, — E (X) < ¢ for
all n >k, and (ii) 231 — E (X) > . Therefore, we have:

k—1 1 &
Tn—E(X): fk,1+—g T;
n n
E—1— 1 <& _
.f?k,1+— Qizzii'n—E(X)SE,
n
i=k

<

where the first inequality comes from the fact that 7,_; —E (X) < ¢, and hence Z_; < Zp_1.
To sum up, whenever x € G x H, we must have T, — E(X) < ¢ for all n > 1. From the

independence assumption,

P(XI,XQ, .. EGX H) = P(Xl,XQ, --‘Xk—l € G) X P(Xk,Xk+1, ... € H)
> P(Xl,XQ, .Xp1 € G) X ]P(Xl,XQ, ... € E) .

Note that G is a non-empty set, and it is finitely dimensional, so P (X3, X3, ...X;—1 € G) > 0.
From (17), we know that P (X, Xs,... € E) > 0. Therefore, P (X, X5,... ¢ GXx H) > 0,
implying that Z,, — E (X) < e for all n > 1 is a positive probability event, contradicting the

presumption that k£ > 1. So, the lemma is proved.?! O

31Intuitively, since later sample averages depend on early observations only through their sum, lowering
early realizations can only decrease all subsequent averages, which allows a tail property (i.e., the sample
average remaining below a given threshold) to be extended to the whole sequence.
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